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Hervé Pajot

Analytic Capacity,
Rectifiability,
Menger Curvature and
the Cauchy Integral

1 3



Author
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Introduction

These notes deal with complex analysis, harmonic analysis and geometric measure
theory. My main motivation is to explain recent progress on the Painlevé Problem
and to describe their connections with the study of the L2-boundedness of the Cauchy
singular integral operator on Ahlfors-regular sets and the quantitative theory of rec-
tifiability.

Let E ⊂ C be a compact set. We say that E is removable for bounded analytic
functions if, for any open set U ⊃ E, any bounded analytic function f : U \ E → C

has an analytic extension to the whole U . The Painlevé problem can be stated as
follows:

Find a geometric/metric characterization of such removable sets.

In 1947, L. Ahlfors [1] introduced the notion of analytic capacity of a compact
set E:

γ(E) = sup{|f ′(∞)|, f : C \ E → C is analytic bounded with ||f ||∞ ≤ 1}

and proved that E is removable if and only if γ(E) = 0. But, as wrote Ahlfors himself
(in this quotation, M(G) is the analytic capacity of the boundary of G where G is a
complex domain of finite connectivity),

“Of course our theorem is only a rather trivial restatement of Painlevé’s Problem
in what one might call finite terms. But it shows that a ”solution” of Painlevé’s
Problem will be found if we can construct an explicitly defined quantity, depending on
G, which tends to zero simultaneously with M(G). Just what is meant by an explicit
definition is of course open to discussion, but most mathematicians would probably
agree that the ultimate goal is a definition in purely geometric terms. The solution
would then be the same general character as one which refers to measure or capacity.”

By Riemann’s principle for removable singularities, a singleton is removable. On
the other hand, by arguments of complex analysis, (non degenerate) continua or
compact sets with non zero area are not removable. This suggests that the metric
size of the set should play an important role. This observation can be stated more
precisely in terms of Hausdorff dimension (denoted by dimH) and 1-dimensional
Hausdorff measure (denoted by H1):

(i) If H1(E) = 0, then E is removable.
(ii) If dimHE > 1, then E is not removable.

Unfortunately, examples of A. Vitushkin, J. Garnett and L. Ivanov [42] [43] show
that the condition H1(E) = 0 is not necessary for the removability of the compact
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set E. Sets they considered are purely unrectifiable in the sense of geometric measure
theory. This leads to the Vitushkin Conjecture:

The compact set E ⊂ C is removable for bounded analytic functions if and only if
Fav(E) = 0.

Here, Fav(E) is the Favard length of E and is defined by Fav(E) =
∫ π

0
|Pθ(E)|dθ

where Pθ is the projection on the line of C that makes an angle θ with the real axis and
|Pθ(E)| is the Lebesgue measure of the projection of E on this line. If H1(E) < ∞,
the condition Fav(E) = 0 is equivalent to H1(E ∩ Γ) = 0 for any rectifiable curve Γ
of C (that is E is purely unrectifiable in H. Federer’s terminology).
The work of P. Mattila [63], P. Jones and T. Murai [51] showed that the Vitushkin
conjecture is not true for general sets, but left open the case of sets with finite length
(that is such that H1(E) < ∞). In 1977, A. P. Calderón [11] proved the L2 bounded-
ness of the Cauchy operator on Lipschitz graphs with small constant. This famous
result implies a solution to the Denjoy Conjecture (and therefore one sense of the
Vitushkin conjecture for sets of finite length):

Let E ⊂ C be a subset of a rectifiable curve Γ. Then, E is removable if and only if
H1(E) = 0.

At that time, it was clear that the removability of a compact set E is closely
related to the behavior of the Cauchy operator on E. This motivates the following
question:

For which Ahlfors 1-regular sets E is the Cauchy operator bounded on L2(E) (with
respect to the restriction of H1 to E) ?

A set E in C is Ahlfors 1-regular if there exists C > 0 such that

C−1R ≤ H1(E ∩ B(x, R)) ≤ CR

whenever x ∈ E and R ∈ (0, diamE). The example of Lipschitz graphs show that
rectifiability properties of the set should play a role. Recall that a set E ⊂ C is
1-rectifiable if there exist Lipschitz curves Γj such that H1(E \ ∪jΓj) = 0. For this,
P. Jones [50] (for 1-dimensional sets), G. David and S. Semmes [28] [29] (in higher
dimensions) have developed a quantitative theory of rectifiability.

In 1995, M. Melnikov [71] rediscovered the Menger curvature and used it to
study the semi-additivity of the analytic capacity. The Menger curvature c(x, y, z)
of three non collinear points x, y and z of C is the inverse of the radius of the
circumference passing through x, y and z. If the points x, y and z are collinear, we
set c(x, y, z) = 0. If µ is a positive Radon measure on C, the Menger curvature c2(µ)
of µ is

c2(µ) =
∫ ∫ ∫

c(x, y, z)2dµ(x)dµ(y)dµ(z).

If we assume that c2(µ) < +∞, our intuition says that most (with respect to µ) triples
are nearly collinear, in other words µ is “flat”. In fact, G. David (unpublished) and
J.C. Léger [56] proved that, if E is a compact set of C which satisfies H1(E) < +∞
and c2(H1

�E) < +∞, then E is 1-rectifiable.
Using the Menger curvature, M. Melnikov and J. Verdera [72] gave a simple and

geometric proof of the L2 boundedness of the Cauchy operator on Lipschitz graphs,
and with P. Mattila [69], they proved that the Cauchy operator is bounded on a
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Ahlfors-regular set E if and only if E is contained in a regular curve (that is E is uni-
formly rectifiable in the sense of G. David and S. Semmes). From this and a previous
work of M. Christ [18], they proved the Vitushkin conjecture for Ahlfors regular sets.
The general case was solved by G. David [26].

Very recently, X. Tolsa gave a characterization of removable sets in terms of Menger
curvature :

A compact set E of C is not removable for bounded analytic functions if and only
if E supports a positive Radon measure with linear growth and finite Menger curvature.

Recall that a measure µ in C has linear growth if there exists C > 0 such that
µ(B) ≤ CdiamB whenever B is a ball in C.

In this book, I would like to tell you this very beautiful story, and I will follow
the following plan. In Chapter 1, basic notions of geometric measure theory (like
Hausdorff measures, Hausdorff dimension, rectifiable and purely unrectifiable sets)
are defined. In particular, we will give several characterizations of rectifiable sets. We
will conclude with the proof of a covering lemma by Ahlfors-regular sets. Chapter
2 is devoted to the geometric traveling salesman theorem of P. Jones and the the-
ory of uniformly rectifiable sets of G. David and S. Semmes. In Chapter 3, we will
define the Menger curvature and describe some of its properties. In particular, we
will show that the Menger curvature is a useful tool to study the geometry of sets
and measures in the complex plane. In this part, the reader will find the proofs of
some unpublished results of P. Jones. In Chapter 4 is given an overview of the theory
of Calderón-Zygmund operators. We also include Melnikov-Verdera’s proof of the
L2 boundedness of the Cauchy operator on Lipschitz graphs. The last part of this
Chapter will be devoted to the proof of Mattila-Melnikov-Verdera’s characterization
of Ahlfors-regular sets on which the Cauchy operator is bounded. In Chapter 5, we
will define the analytic capacity and we will prove some of its basic properties. The
Denjoy and Vitushkin conjectures are proved in Chapter 6. In the last Chapter, we
will describe X. Tolsa’s characterization of removable sets and we will discuss some
open problems.

This book is almost self contained. Only a basic knowledge of real analysis, com-
plex analysis and measure theory is required. Most of the proofs are given. When
a proof is omitted or sketched, a reference is indicated where the reader can find a
complete proof.

There are good surveys about the subject of this book [25] [67] [106]. I hope
that these notes are a complement to these papers and a modest continuation of J.
Garnett’s Lecture Notes [42].

These notes are based on lectures given at the Ecole Normale Supérieure de Lyon
and on a graduate course given at Yale University. I would like to thank J. P. Otal
and P. Jones for their kind invitation.
I am very grateful to G. David, J. Garnett, N. Kang, P. Mattila and J. Verdera for
their suggestions and encouragements. Part of this work was done while the author
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has the benefit of a “delegation” at the CNRS. The author is partially supported by
the European Commission (European TMR Network “Harmonic Analysis”).



Notations and conventions

If x, y ∈ R
n, the Euclidean distance between x and y is denoted by |x − y|. If

x ∈ R
n and A ⊂ R

n, d(x, A) = inf{|x − a|; a ∈ A}, and if B ⊂ R
n, d(A, B) =

inf{|a − b|; a ∈ A, b ∈ B}.
The open ball with center x ∈ R

n and radius r > 0 is denoted by B(x, r). In the
special case n = 2, that is in C, we will also use the notation D(x, r). For instance,
the unit disc in C is D(0, 1) = {z ∈ C, |z| < 1}.
If B is a ball in R

n, we often denote by RB the radius of B. If k ∈ R
+∗, kB is the

ball with the same center as B, but whose radius RkB is k.RB.

If E et F are two sets in R
n, then E + F = {x + y, x ∈ E, y ∈ F} and, for any

x ∈ R
n, x + F = {x + y, y ∈ F}.

A measure µ on R
n for us will be a non-negative, monotonic, subadditive set func-

tion which vanishes for empty sets. We always assume that µ(Rn) 	= 0. A set A ⊂ R
n

is µ measurable if µ(E) = µ(E ∩ A) + µ(E \ A) for all E ⊂ R
n. The measure µ is a

Borel measure if all Borel sets are µ measurable. The measure µ is a Radon measure
if µ is a Borel measure and satisfies
(i) µ(K) < +∞ whenever K is a compact set in R

n;
(ii) µ(O) = sup{µ(K), K ⊂ O compact} whenever O is an open set in R

n;
(iii) µ(A) = inf{µ(O); A ⊂ O, O is open }.
If µ is a measure on R

n and if E ⊂ R
n, then µ�E will denote the restriction of µ to E.

The support of a measure µ in R
n (denoted by Suppµ) is the smallest closed set K

such that µ(Rn \ K) = 0.

The Lebesgue measure in R
n will be denoted by Ln.

A dyadic cube Q in R
n is a subset of R

n of the form Q = Πn
j=1[kj2−k, (kj + 1)2−k]

where k ∈ Z and kj ∈ Z. We denote by ∆ the set of all dyadic cubes in R
n and by ∆k

the subset of ∆ of k-th generation, that is of side length 2−k. In the special case n = 1
(respectively n = 2), an element Q of ∆ will be called “dyadic interval” (respectively
“dyadic square”).
Let Q be a dyadic cube in R

n whose side length is l(Q). Then, if k ∈ N, kQ denotes
the cube with sides parallel to the axis, whose center is the center of Q, but whose
side length is kl(Q).

If E ⊂ R
n, the characteristic function of E is denoted by χE.

A constant without a subscript (like C) may vary throughout all the book.



x NOTATIONS AND CONVENTIONS

If A(X) and B(X) are two quantities depending on the same variable(s) X, we
will say that A and B are comparable if there exists C ≥ 1 not depending on X such
that C−1A(X) ≤ B(X) ≤ CA(X) for every X.
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CHAPTER 1

Some geometric measure theory

In this chapter, we will define the notions of Hausdorff measures, Hausdorff di-
mension and rectifiability. Most of the proofs will be omitted. The interested reader
is urged to consult [35], [36] or [65].

1. Carleson measures

A measure µ on R
n × R

+ is a Carleson measure if there exists C > 0 such that

(1) µ(B(x, R) × (0, R]) ≤ CRn

whenever x ∈ R
n, R > 0. The best constant C such that (1) holds is called the

Carleson constant of µ. The set B(x, R)× (0, R] is usually called a Carleson box. The
Carleson condition (1) says that the measure of the Carleson box B(x, R) × (0, R] is
controlled by the Lebesgue measure of B(x, R).

A measurable set A ⊂ R
n × R

+ is a Carleson set if χA(x, t)dLn(x)
dt

t
is a Carleson

measure, that is if there exists C > 0 such that

(2)
∫

B(x,R)

∫ R

0
χA(x, t)dLn(x)

dt

t
≤ CRn

whenever x ∈ R
n, R > 0. The best constant such that (2) holds is the Carleson

constant of A.

Example. The set {(x, t) ∈ R
n × R

+; t0 ≤ t ≤ 100t0} is a Carleson set.

Let α(x, t) be a positive quantity depending on x ∈ R
n and on t ∈ R

+. We

will see later several examples of such quantities. Assume that α(x, t)dLn(x)
dt

t
is a Carleson measure. Then by Tchebychev inequality, for any ε > 0, the set
{(x, t) ∈ R

n × R
+, α(x, t) > ε} is a Carleson set (with constant depending on ε).

It should be noticed that a Carleson set is a “small” set in R
n × R

+. For in-
stance, let F ⊂ N and set AF = {(x, t) ∈ R

n × R
+; 2j < t < 2j+1 for some j ∈ F}.

Then, AF is a Carleson set if and only if F is finite, and in this case, the Carleson
constant is comparable to the number of elements of F (see the nice discussion in [94]).

The notion of Carleson measure is one of the main ingredients of L. Carleson’s
proof of the Corona Theorem [14]. More generally, the notion of Carleson measure
plays an important role in real and complex analysis. For instance, let f ∈ Lp(R) (for
some 1 < p < +∞) and denote by uf its Poisson integral (see [44]). Assume that µ
is a measure on R × R

+. Then, uf ∈ Lp(µ) for all f ∈ Lp(R) if and only if µ is a
Carleson measure. This result is due to L. Carleson (see [33] or [44] for a proof and
other examples).

H. Pajot: LNM 1799, pp. 1–15, 2002.
c© Springer-Verlag Berlin Heidelberg 2002



2 1. SOME GEOMETRIC MEASURE THEORY

2. Lipschitz maps

A map f : E ⊂ R
n → R

m is a Lipschitz map if there exists K > 0 such that

|f(x) − f(y)| ≤ K|x − y|
whenever x, y ∈ E. The smallest constant K such that this holds is called the Lips-
chitz constant of f and will be denoted by Lip(f).
A d-dimensional Lipschitz graph is a subset of R

n of the form {(x, f(x)); x ∈ R
d}

where f : R
d → R

n−d is a Lipschitz map or is the image of such a subset by a rota-
tion. Here, we identify R

d × R
n−d with R

n.

We now discuss basic properties of Lipschitz maps, namely extension, differentia-
bility and approximation by affine functions.

Theorem 1 (Kirszbraun’s theorem ). Let f : E ⊂ R
n → R

m be a Lipschitz map.
Then, there exists a Lipschitz map g : R

n → R
m such that g(x) = f(x) for any x ∈ E

and Lip(g) = Lip(f).

The proof of this theorem is quite hard (see [38] 2.10.43). Instead, we will prove
a weaker result. For this, denote by fk the k-th coordinate function of f . Define
g̃k(x) = inf{fk(y) + Lip (fk)|x − y|; y ∈ E} for x ∈ R

n and k = 1, ..., m. Then, g̃k

is Lipschitz and Lip(g̃k) = Lip(fk). By using the triangle inequality, you can easily
convince yourself that g̃ = (g̃1, ....., g̃m) is a Lipschitz map and f = g̃ on E. The point
is that Lip(g̃) ≤ √

nLip(f) and the equality Lip(g̃) = Lip(f) does not hold in general
(see [35]).

Theorem 2 (Rademacher’s theorem ). If f : R
n → R

m is a Lipschitz map, then
f is differentiable almost everywhere (with respect to the Lebesgue measure Ln) in R

n.

We now give a very elegant proof of this result due to A. P. Calderòn. I learned
it from [54]. See [35] or [65] for the classical proof.

Proof. First, note that it is enough to prove the case m = 1. Indeed, the general
case follows by studying coordinate functions.
In fact, we will prove that every function u ∈ W 1,p(Rn) with p > n is differentiable al-
most everywhere. Lipschitz functions correspond to the case p = ∞ (see [54] theorem
6.12 for more details). Recall that W 1,p(Rn) is the space of Lp integrable functions u
such that every weak derivative ∂ju (j = 1, ...n) is Lp integrable. Since the problem is
local, we can assume that u is in W 1,p(B) where B is a ball of R

n (Technical remark:
we need this localization in order to use a Sobolev type inequality).
Then, the weak gradient ∇u of u exists almost everywhere in B and almost every
point x0 of B is a Lebesgue point of ∇u, that is

lim
r→0

−
∫

B(x0,r)
|∇u(x) − ∇u(x0)|pdLn(x) = 0 (see [108]).

We claim that if x0 is a Lebesgue point of ∇u then u is differentiable at x0 and the
differential of u at x0 is ∇u(x0). To see this, set v(x) = u(x)−u(x0)−∇u(x0)(x−x0).
Then it is clear that v ∈ W 1,p(B) and that ∇v(x) = ∇u(x)−∇u(x0) for almost every
x ∈ B.
Recall the classical Sobolev embedding theorem (see e.g. [108]): If f ∈ W 1,p(B) with
p > n, then |f(x) − f(y)| ≤ C(n, p)|x − y|1− n

p ||∇f ||p whenever x, y are in B.
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We now apply this theorem to v:

|u(y) − u(x0) − ∇u(x0)(y − x0)| = |v(y) − v(x0)|

≤ C(n, p)|y − x0|
(

−
∫

B(x0,|y−x0|)
|∇v(x)|pdLn(x)

) 1
p

.

Thus,

|u(y) − u(x0) − ∇u(x0)(y − x0)|
|y − x0| ≤ C(n, p)

(
−
∫

B(x0,|y−x0|)
|∇u(x) − ∇u(x0)|pdLn(x)

) 1
p

.

Hence, we get

lim
y→x0

|u(y) − u(x0) − ∇u(x0)(y − x0)|
|y − x0| = 0,

and the proof is complete.
�

It is classical in analysis to relate the regularity of a function to some quadratic
estimates. A basic example is the following result of E. M. Stein and A. Zygmund
(see [98] or [95]). A function f : R → R is differentiable almost everywhere on a set
E ⊂ R if and only if for almost every x ∈ E,

f(x + t) + f(x − t) − 2f(x) = O(|t|) when t → 0;

and, for some δ > 0,∫
|t|≤δ

∣∣∣∣f(x + t) + f(x − t) − 2f(x)
t

∣∣∣∣2 dt

t
< +∞.

In the same spirit, the work of J. Dorronsoro [31] gives a more quantitative version
of Rademacher’s theorem for Lipschitz functions. Before stating his result, we need
to introduce some quantities. We follow here the formulation of [29].
Given a function f : R

n → R and 1 ≤ q < ∞. Define (for all x ∈ R
n and t > 0)

γq(x, t) = inf t−1
{

t−n

∫
B(x,t)

|f(y) − a(y)|qdLn(y)
} 1

q

,

γ∞(x, t) = inf

{
t−1 sup

y∈B(x,t)
|f(y) − a(y)|

}
where the infimum is taken over all affine functions a : R

n → R.

Theorem 3. Let f : R
n → R be a Lipschitz function and assume that 1 ≤ q ≤ ∞

if n = 1 and 1 ≤ q <
2n

n − 2
if n ≥ 2. Then, there exists C > 0 such that

(3)
∫ R

0

∫
B(x,R)

γq(y, t)2dLn(y)
dt

t
≤ CRn

for all x ∈ R
n, t > 0. In other words, γq(y, t)2dLn(y)

dt

t
is a Carleson measure on

R
n × R

+

Roughly speaking, the Carleson estimate (3) allows us to control in each ball the
size of the set of (x, t) such that the Lipschitz function f is not well approximated by
affine functions at x with respect to the scale t (whereas the Rademacher theorem says
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that f is infinitesimally well approximated almost everywhere by affine functions). See
the discussion of the previous section.

3. Hausdorff dimension and Hausdorff measures

Let E ⊂ R
n and let s > 0. For δ > 0, consider

Hs
δ (E) = inf

{∑
i

(diamUi)s; E ⊂
⋃
i

Ui, diamUi ≤ δ

}
.

The s-dimensional Hausdorff measure Hs(E) of E is defined by

Hs(E) = lim
δ→0

Hs
δ (E) = sup

δ>0
Hs

δ (E).

Then, Hs is a regular Borel measure, but is not a Radon measure if s < n (since Hs

is not locally finite if s < n).

Assume now that h : R
+ → R

+ is a non-decreasing function with h(0) = 0. We
define the Hausdorff measure associated to h by

Λh(E) = lim
δ→0

inf

{∑
i

h(diam Ui); E ⊂
⋃
i

Ui, diam Ui ≤ δ

}
.

Therefore, Hs corresponds to the function h(t) = ts.

Proposition 4. Let E ⊂ R
n and let 0 ≤ s < t < +∞.

(i) If Hs(E) < +∞, then H t(E) = 0.
(ii) If H t(E) > 0, then Hs(E) = +∞.

Proof. It is clear that (ii) follows from (i). To prove (i), consider a covering (Ui)
of E such that diam Ui ≤ δ for every i, and

∑
i(diam Ui)s ≤ Hs

δ (E) + 1. Then,

H t
δ(E) ≤

∑
i

(diam Ui)t ≤ δt−s
∑

i

(diam Ui)s ≤ δt−s(Hs
δ (E) + 1).

By taking δ → 0, we get H t(E) = 0. �

We can now define the Hausdorff dimension of E ⊂ R
n by

dimHE = sup{s > 0, Hs(E) = +∞} = inf{t > 0, H t(E) = 0}.

Let f : R
n → R

m be a Lipschitz map, E ⊂ Rn and 0 ≤ s < ∞. Then,
Hs(f(E)) ≤ (Lip(f))sHs(E). In particular, if p is an orthogonal projection, then
Hs(p(E)) ≤ Hs(E). See [35] for a proof.

Examples:

(a) H0 is the counting measure, that is H0(E) = cardE where cardE denotes the
number of elements in E .

(b) A curve Γ in C is a set of the form Γ = φ([a, b]) where [a, b] is a closed interval
in R and φ : [a, b] → C is continuous. Moreover, if φ is injective, we say that Γ is a
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Jordan curve. If φ is Lipschitz, we say that Γ is a Lipschitz curve. The length l(Γ) of
Γ is defined by

l(Γ) = sup
n∑

i=1

|φ(ti) − φ(ti−1)|

where the supremum is taken over all subdivisions a = t0 < t1 < ..... < tn−1 < tn = b
of [a, b]. If l(Γ) < +∞, we say that the curve Γ is rectifiable. It is clear that a
Lipschitz curve is rectifiable. If Γ is a rectifiable Jordan curve, define the function
s : [0, l(Γ)] → C by s(t) is the only point φ(u) such that l(φ([a, u])) = t. Then,
s is a parameterization of Γ called the arc length parameterization. Note that s is
1-Lipschitz.

Proposition 5. If Γ is a Jordan curve in C, then H1(Γ) = l(Γ). In particular,
if Γ is a rectifiable curve, then dimHΓ = 1.

Proof. We start with a technical result.

Lemma 6. Let C be a curve joining two points x and y in C. Then, H1(C) ≥
|x − y|.

To prove this lemma, consider p the orthogonal projection on the line passing
through x and y. Since p is 1-Lipschitz, we have

H1(C) ≥ H1(p(C)) ≥ H1([x, y]) = L1([x, y]) = |x − y|.
In the last estimate, we have used the fact that H1 = L1 in R (see below).

We now prove the proposition. Assume that Γ = φ([a, b]). Then by the lemma
above, for every pair (u, t) ∈ [a, b]2,

H1(φ([t, u])) ≥ |φ(u) − φ(t)|.
Therefore, for every subdivision t0 = a < t1 < ..... < tn−1 < tn = b of [a, b], we have

n∑
i=1

|φ(ti) − φ(ti−1)| ≤
n∑

i=1

H1(φ([ti−1, ti])) = H1(Γ).

(Note that there is a problem with the endpoints φ(ti), but the 1-dimensional Haus-
dorff measure of a singleton is 0). By taking the supremum over all subdivisions of
[a, b], we get l(Γ) ≤ H1(Γ).

Conversely, if l(Γ) = ∞, it is obvious. If l(Γ) < ∞, then Γ is rectifiable. Thus, we
can consider the arc length parameterization s of Γ. Since s is 1-Lipschitz, we get

H1(Γ) = H1(s([0, l(Γ)])) ≤ l(Γ).

See [36] page 29 for a discussion of the case of non Jordan curves.
�

c) If E ⊂ C, then H2(E) =
4
π

L2(E). In particular, H2(B(z, r)) = (2r)2 whenever
z ∈ C and r > 0. This follows from the isodiametric inequality:

L2(E) ≤ π

4
(diamE)2

whenever E ⊂ C. Note that this inequality is sharp for a ball of diameter diamE.
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In general, if E ⊂ R
n, Hn(E) = cnLn(E) and cn =

2n(1
2n)!

π
n
2

(see [35]).

In fact, it is not difficult to see that Hn and Ln are equal up to some constant, that
is there exists cn > 0 such that Hn(E) = cnLn(E) if E ⊂ R

n. This follows from the
fact that these two Borel regular measures are uniformly distributed (see [65]). The
main problem is to give the exact value of cn and to do this, we need the isodiametric
inequality.

d) We now discuss the case of Cantor type sets.

If E is the classical
1
3
-Cantor set, then dimHE =

log 2
log 3

= s and Hs(E) = 1 (for a

proof, see [36]).

We now introduce a planar Cantor set which will play an important role in our
story !

Let E0 = [0, 1]2 be the unit cube. Then, E1 is the union of 4 squares of side length
1
4

and these squares are located in the corners of E1. In general, En is the union of

4n squares denoted by Qj
n (j = 1, ....., 4n) of side length 4−n, each Qj

n is in the corner

of some Qk
n−1. Let E =

∞⋂
j=0

Ej .

Proposition 7. Let E be the four corners Cantor set described above. Then,
0 < H1(E) < +∞.

Proof. By Pythagorean theorem, diamQj
n =

√
24−n. Fix δ > 0. If 4−n < δ,

then H1
δ (E) ≤∑4n

j=1 diamQj
n =

√
2. By taking δ → 0, we get H1(E) ≤ √

2. We now
show that H1(E) > 0. Note first that if B is a ball in C such that diam B ≥ 4−n

and B ∩ E 	= ∅, then
∑

Qj
n∩B �=∅ diamQj

n ≤ CdiamB where C is a constant which does
not depend on n. Assume now that H1(E) = 0. Then, we can cover E by balls
Bi such that

∑
i diamBi ≤ ε for some ε > 0. Since E is compact, the collection

of balls Bi is finite. Let δ = infi diamBi and let n ∈ N such that δ > 4−n. Then,∑
i

∑
Qj

n∩Bi �=∅ diamQj
n ≤ Cε. But,

∑
i

∑
Qj

n∩Bi �=∅ diamQj
n is comparable to

√
2 !!!

Hence, H1(E) > 0.
�

Remark. More precise computations show that H1(E) =
√

2.

We conclude this section with the Frostman lemma which provides a useful tool
to estimate Hausdorff dimension.

Theorem 8. Let E be a Borel set in R
n. Then, Hs(E) > 0 if and only if

there exists a finite positive Radon measure µ compactly supported on E such that
µ(B(x, r)) ≤ rs for every x ∈ R

n, r > 0.

See [65] for a proof and other versions of this theorem.
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Figure 1. The sets E0, E1 and E2

4. Density properties of Hausdorff measures

The classical Lebesgue theorem states that, if E ⊂ R
n is a measurable set,

lim
r→0

Ln(B(x, r) ∩ E)
Ln(B(x, r))

= 1 for Ln almost every x ∈ E and the limit of the same ratio

is equal to 0 for Ln almost every x ∈ R
n \ E. In this section, we shall see that much

less can be said for the Hausdorff measure Hs (if s 	= n).

Let E ⊂ R
n and let s ∈ [0, n]. We define the lower and upper s-density of E at

x ∈ R
n by

θs
∗(x, E) = lim inf

r→0

Hs(B(x, r) ∩ E)
(2r)s

,

θ∗s(x, E) = lim sup
r→0

Hs(B(x, r) ∩ E)
(2r)s

.

If θs
∗(x, E) = θ∗s(x, E), we denote by θs(x, E) the common value (called the s-

density of E at x).
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Remark. Let L be a line in R
n. For every z ∈ L and r > 0, L ∩ B(z, r) is an

interval that we denote by I(z, r) of diameter 2r. Thus, for every z ∈ L, θ1(z, L) = 1
since H1(I(z, r)) = 2r.

Proposition 9. Let s ∈ [0, n] and let E ⊂ R
n with Hs(E) < +∞.

(i) 2−s ≤ θ∗s(z, E) ≤ 1 for Hs-almost every z ∈ E;

(ii) If E is Hs-measurable, then θ∗s(z, E) = 0 for Hs-almost every z ∈ R
n \ E;

(iii) If E is Hs-measurable and if F is an Hs-measurable subset of E, then for
Hs-almost every z ∈ F ,

θs
∗(z, F ) = θs

∗(z, E) and θ∗s(z, F ) = θ∗s(z, E).

For a proof of this proposition, see [65].

Remark. There exist compact sets E ⊂ R
n with 0 < Hs(E) < ∞ such that

θs
∗(x, E) = 0 for every x ∈ E (see [65] page 91).

We will use this proposition to prove a covering theorem by Ahlfors-regular sets
(see [86]).

A set E ⊂ R
n is said to be Ahlfors-regular with dimension d ∈ R if there exists

C0 ≥ 1 such that

(4) C−1
0 rd ≤ Hd(E ∩ B(x, r)) ≤ C0r

d

whenever x ∈ E and R ∈]0, diamE[. In this case, dimHE = d. The best constant such
that (4) holds is called the regularity constant of E. Basic examples of Ahlfors regular
sets with dimension 1 include lines, Lipschitz graphs and the four corners Cantor set
considered in the previous section. Note that for a curve, the lower bound is auto-
matic (at least for small radius). This notion of regularity has been introduced by L.
Ahlfors for curves and by G. David for general sets. Ahlfors regular sets are spaces
of homogeneous type in the sense of Coifman and Weiss [19] which provide a very
general setting to do classical analysis (e.g. covering theorems, Lebesgue differentia-
tion theorem, the Calderòn-Zygmund theory of singular integral operators and many
other techniques of real analysis work on them). Recall that a metric measure space
(X, d, µ) is a space of homogeneous type if the measure µ is doubling: there exists
Cd > 0 such that µ(B(x, 2r)) ≤ Cdµ(B(x, r)) whenever x ∈ X and r > 0. Recently, it
has been showed that this doubling condition is not necessary to do analysis in metric
spaces (see chapter 6).

Analytic and geometric properties of Ahlfors-regular sets have been widely studied
by G. David and S. Semmes [28], [29].

Theorem 10. Let E ⊂ R
n be a compact set such that

(i) Hd(E) < +∞;
(ii) θd

∗(x, E) > 0 for Hd-almost every x ∈ E.
Then, E ⊂ E0 ∪ (∪k∈NFk) where Hd(E0) = 0 and for every k ∈ N, Fk is Ahlfors
regular with dimension d.
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We will sketch the proof of this theorem for two reasons. The first one is that this
proof involves some classical tools and techniques. The second one is that the original
proof is in French !

Proof. Without loss of generality, we can assume that the right hand side of (4)
is verified with a constant C0 for every x ∈ E and every r ∈ (0, diamE).
Indeed,

E ⊂ G0 ∪ (
⋃

p∈N�

Gp)

where Hd(G0) = 0 and, for every p ∈ N
� (where N

� = N \ {0}),

Gp =
{
x ∈ E : for every r ∈ (0, diamE), Hd(E ∩ B(x, r)) ≤ prd

}
.

Moreover, for every p ∈ N
�, under the condition Hd(Gp) 	= 0,

(i) for any x ∈ Gp, any r ∈ (0, diamE),

Hd(Gp ∩ B(x, r)) ≤ Hd(E ∩ B(x, r)) ≤ prd;

(ii) for Hd-almost every x ∈ Gp, θd
∗(x, Gp) = θd

∗(x, E) > 0 (by proposition 9).
Therefore, we can consider Gp instead of E.

The strategy of the proof is clear. First choose a family (Fp,s)p,s of subsets of E such
that E ⊂ E0 ∪ (

⋃
p

⋃
s

Fp,s) where Hd(E0) = 0. Then, for every (p, s), add pieces of

d-planes (which are locally d-regular) where the density of Fp,s is too small so that
the new set Ep,s which you obtained by this procedure contains Fp,s and is d-regular.

Consider, for every p ∈ N
�, for every s ∈ N

�, the following sets.

Fp =
{

x ∈ E : for every r ∈ (0, diamE), Hd(E ∩ B(x, r)) >
1
p
rd

}
Fp,s =

{
x ∈ Fp : for every r ∈ (0, diamE), Hd(Fp ∩ B(x, r)) >

1
ps

rd

}
.

Remark: The choice of Fp,s is reasonable. The idea is to consider a “good” covering of
Fp \ Fp,s by balls B and to add to Fp,s pieces of d-planes CB ⊂ B (of size comparable
to Hd(E ∩ B)) so that the new set obtained Ep,s is regular.

We have
(i) For Hd-almost every x ∈ E, θd

∗(x, E) > 0, and thus there exists p ∈ N
� such

that x ∈ Fp.
(ii) For Hd-almost every x ∈ Fp, θd

∗(x, Fp) = θd
∗(x, E) > 0 (see proposition 9).

Thus, (i) and (ii) imply

(5) E ⊂ E0 ∪ (
⋃
p

⋃
s

Fp,s)

where Hd(E0) = 0. We shall now construct the d-regular set Ep,s which contains Fp,s.

Recall a classical result (see [65], theorem 2.7).
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Theorem 11 (Besicovitch covering theorem). Let A be a bounded subset of R
n

and let B be a family of balls such that every point of A is the center of some ball of
B.
Then, there exists a countable collection of balls (Bi) of B such that

(i) A ⊂
⋃
i

Bi;

(ii) every point of R
n belongs to at most P (n) balls Bi, where P (n) is an integer

depending only on n.

Cover Fp \Fp,s by balls B(y, d(y)), with y ∈ Fp \Fp,s, d(y) =
1
10

dist(y, Fp,s). Then, by
theorem 11, there exists a subset Hp,s of Fp\Fp,s such that Fp\Fp,s ⊂ ∪y∈Hp,sB(y, d(y))
and any point of R

n belongs to at most P (n) balls B(y, d(y)), y ∈ Hp,s. For every
y ∈ Hp,s, we can construct a piece of d-plane Cy, which is (locally) d-regular, such
that

(1) Cy ⊂ B(y, d(y));
(2) θ−1(d(y))d ≤ Hd(Cy) ≤ θ(d(y))d

(for some positive constant θ > 0). Set Ep,s = Fp,s ∪ (
⋃

y∈Hp,s

Cy).

Then, by (5), E ⊂ E0 ∪ (
⋃
p

⋃
s

Ep,s) (where Hd(E0) = 0) and we claim that, for every

p ∈ N
�, every s ∈ N

�, Ep,s is d-regular. We shall only prove the regularity for x ∈ Fp,s.
For this, fix p > 0, s > 0 and consider x ∈ Fp,s, r ∈ (0, diamE). Let us begin with a
trivial result (we omit the proof).

Lemma 12. Let y ∈ Hp,s such that B(y, d(y)) ∩ B(x, r) 	= ∅.
Then d(y) < r and B(y, d(y)) ⊂ B(x, 10r).

We first prove the upper regularity.
By definition of Ep,s, we have

(6) Hd(Ep,s ∩ B(x, r)) ≤ Hd(Fp,s ∩ B(x, r)) +
∑

{y∈Hp,s:Cy∩B(x,r) �=∅}
Hd(Cy).

Because of the upper regularity of E,

(7) Hd(Fp,s ∩ B(x, r)) ≤ C0r
d.

Moreover, ∑
{y∈Hp,s:Cy∩B(x,r) �=∅}

Hd(Cy) ≤
∑

{y∈Hp,s:B(y,d(y))∩B(x,r) �=∅}
Hd(Cy)

≤ θ
∑

y

(d(y))d (by construction of Cy)

≤ θ
∑

y

pHd(E ∩ B(y, d(y)) (because y ∈ Fp)

≤ CpθP (n)Hd(E ∩ B(x, 10r)) (by lemma 12)
≤ CpθP (n)C010drd(8)

where all the sums are taken over the set {y ∈ Hp,s : B(y, d(y)) ∩ B(x, r) 	= ∅} and
where P (n) is the constant of the Besicovitch covering theorem.
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Thus, inequalities (6), (7) and (8) give the upper regularity in x.

We now prove the lower regularity.

By lemma 12 (applied with radius
r

10
),

Hd(Ep,s ∩ B(x, r)) ≥ Hd(Fp,s ∩ B(x, r)) +
∑

{y∈Hp,s:B(y,d(y))∩B(x, r
10 ) �=∅}

Hd(Cy).

Moreover, ∑
{y∈Hp,s:B(y,d(y))∩B(x, r

10 ) �=∅}
Hd(Cy) ≥ θ−1

∑
y

(d(y))d( by construction)

≥ θ−1C−1
0

∑
y

Hd(E ∩ B(y, d(y)))

≥ θ−1C−1
0 Hd((Fp \ Fp,s) ∩ B(x,

r

10
))

where the sums are taken over the set {y ∈ Hp,s : B(y, d(y)) ∩ B(x,
r

10
) 	= ∅}.

Hence,

Hd(Ep,s ∩ B(x, r)) ≥ Hd(Fp,s ∩ B(x,
r

10
)) + θ−1C−1

0 Hd((Fp \ Fp,s) ∩ B(x,
r

10
))

≥ θ−1C−1
0 Hd(Fp ∩ B(x,

r

10
))

≥ θ−1C−1
0

1
ps

10−drd(because x ∈ Fp,s).

To prove regularity for x ∈ Cy (with y ∈ Hp,s), two facts are useful:
(i) There exists z ∈ Fp,s such that dist(x, z) ≤ 11d(y) (therefore, we can use the

preceding case “x ∈ Fp,s” for the big scales);
(ii) The piece of d-plane Cy is (locally) d-regular.

�
We conclude this section with a very nice result due to J. M. Marstrand.

Theorem 13. Let E ⊂ R
n and let s > 0. Assume that Hs(E) < +∞ and that

θs(x, E) exists for Hs-almost every x ∈ E. Then, s must be an integer.

Proof. We will give a proof only in the case E ⊂ C and s ∈]0, 1[. Namely, we
will prove that, if E ⊂ C and s ∈]0, 1[ with Hs(E) < ∞, then θs(x, E) fails to exist
almost everywhere.

Assume that the conclusion is false: there exists a subset of E with 0 < Hs(E) <
∞ such that the density at each point of this subset exists. Note that this density can

not be less than 2−s >
1
2

(by proposition 9). Let ε > 0. Then, there exists a subset
F ⊂ E (that we can assume to be closed) with Hs(F ) > 0 such that, if x ∈ F , θs(x, E)

exists and for any r ≤ ε, Hs(E ∩ B(x, r)) >
1
2
(2r)−s. Let y be an accumulation point

of F and let η ∈]0, 1[. We denote by Ar,η the annulus B(y, (1 + η)r) \ B(y, (1 − η)r).
Thus, we have

(2r)−sHs(E ∩ Ar,η) = (2r)−sHs(E ∩ B(y, (1 + η)r)) − (2r)−sHs(E ∩ B(y, (1 − η)r)).
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From this, we get

lim
r→0

Hs(E ∩ Ar,η)
(2r)s

= θs(y, E)((1 + η)s − (1 − η)s).

On the other hand, for arbitrarily small r, there exists x ∈ F such that |x−y| = r (this
follows from the fact that y is an accumulation point of F ). Therefore, B(x, 1

2rη) ⊂
Ar,η. This yields

Hs(E ∩ Ar,η) ≥ Hs(E ∩ B(x,
1
2
rη)) ≥ 1

2
rsηs,

and then,
2−(s+1)ηs ≤ θs(y, E)((1 + η)s − (1 − η)s).

By taking η → 0 in the previous inequality, we get a contradiction. This proof is
taken from [36], pages 55-56. See [65] for a proof in the general case.

�

5. Rectifiable and purely unrectifiable sets

In this section, we restrict to subsets of C. But all the results given are true in
higher dimensions.

We say that E ⊂ C is 1-rectifiable if there exist Lipschitz maps fj : R → C such
that H1(E \ ∪jfj(R)) = 0. In other words, E can be covered by a countable union of
Lipschitz curves (up to a set of zero 1-dimensional Hausdorff measure). For instance,
a rectifiable curve is a rectifiable set (be careful about the terminology !). For this,
see proposition 21. In fact (see [36]), E is 1-rectifiable if and only E can be covered
by a countable union of rectifiable Jordan curves (up to set of zero measure).
Remark. By Kirszbraun’s theorem (see section 1), a set E ⊂ C is rectifiable if and
only if there exist subsets Ej, j ∈ N, of R and Lipschitz maps fj : Ej → C such that
H1(E \ ∪jfj(Ej)) = 0.

On the other hand, a set E ⊂ C is said to be purely 1-unrectifiable if H1(E∩Γ) = 0
for every rectifiable curve Γ ⊂ C. For example, the four corners Cantor set we de-
scribed in section 2 is purely unrectifiable (see below).

Every set E ⊂ C with H1(E) < ∞ can be decomposed in a “good” part and a
“bad” part, namely E = Erect ∪Eunrect where this union is disjoint, Erect is rectifiable
and Eunrect is purely unrectifiable. To see this, set M = sup H1(E ∩ F ) where the
supremum is taken over all 1-rectifiable sets F in C. Choose for any j = 1, 2, .., a

1-rectifiable set Fj such that H1(E ∩ Fj) > M − 1
j
. Then, it is easy to see that

Erect = ∪∞
j=1Fj and Eunrect = E \ Erect satisfy the properties above. Note that this

decomposition is unique up to a set of zero measure (with respect to H1).

We now describe several characterizations of rectifiable sets in terms of density,
existence of tangents and size of projections. A crucial point is that all these charac-
terizations are only valid for sets E with H1(E) < ∞, although this condition is not
required in the definition of rectifiability given above.

We start with a very beautiful result due to A. S. Besicovitch (see [37] for a proof).
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Theorem 14. Let E ⊂ C such that H1(E) < ∞. Assume that θ1
∗(z, E) ≥ 3

4 for
almost every z ∈ E. Then, E is rectifiable.

A. S. Besicovitch gave an example of a purely unrectifiable set E ⊂ C for which

θ1
∗(z, E) =

1
2
. He conjectured that the best upper bound in the previous theorem is

1
2
. The best known result is

2 +
√

46
12

and is due to D. Preiss and J. Tiser [91].

Theorem 15. Let E ⊂ C with H1(E) < ∞.
(i) E is rectifiable if and only if for H1-almost every x ∈ E, θ1

∗(x, E) = θ∗1(x, E) = 1.
(ii) E is purely unrectifiable if and only if for H1-almost every x ∈ E, θ1

∗(x, E) < 1.

As a consequence of this theorem, we obtain that the set E1 = {z ∈ E, θ1
∗(z, E) =

θ∗1(z, E) = 1} (respectively E2 = E \ E1) is rectifiable (respectively purely unrecti-
fiable) if H1(E) < ∞. Thus, this gives an alternative proof of the fact that a set E
with H1(E) < ∞ is the disjoint union of a rectifiable set and a purely unrectifiable
set.

A set E that satisfies θ1(z, E) = 1 for H1-almost every z ∈ E is called regular in
the sense of Besicovitch. Theorem 15 says that rectifiable sets and regular sets in the
sense of Besicovitch are the same. This was originally proved by A. S. Besicovitch
in the plane, by E. F. Moore for 1-dimensional sets in R

n, by J. M. Marstrand for
2-dimensional sets in R

3. P. Mattila generalized Marstand’s proof in higher dimen-
sions. By using the notion of tangent measure, D. Preiss [90] proved the more general
result that the rectifiability is equivalent to the existence to positive and finite density
almost everywhere. See [65] for more details and references.

Remark. The notion of Ahlfors-regularity and the notion of regularity in the sense of
Besicovitch are quite different. For instance, the four corners Cantor set is Ahlfors-
regular, but is not regular in the sense of Besicovitch.

Proof. We will only prove (i). See [36] for a proof of (ii) in C.

Assume that E ⊂ C is rectifiable. Recall that this means that E can be covered by
a countable union of rectifiable Jordan curves (up to a set of zero measure). Therefore,
by Proposition 9, it is enough to prove that a rectifiable Jordan curve Γ is regular in
the sense of Besicovitch. To do this, consider x ∈ Γ such that x is not an endpoint of
Γ. The point x divides Γ in two subcurves Γ1 and Γ2. Then, for r small enough,

H1(Γi ∩ B(x, r)) ≥ r (i = 1, 2).

Hence,
H1(Γ ∩ B(x, r)) ≥ 2r, thus θ1

∗(x, E) ≥ 1.

Since θ∗1(x, E) ≤ 1 (by Proposition 9), the proof is complete.

Conversely, let E ⊂ C be a set which is regular in the sense of Besicovitch and
which satisfies H1(E) < +∞ . Then, E = Erect ∪ Eunrect where Erect (respectively
Eunrect) is rectifiable (respectively purely unrectifiable). By Proposition 9, for H1

almost every z ∈ Eunrect, θ1(z, Eunrect) = 1. If H1(Eunrect) 	= 0, then Besicovitch’s
theorem above contradicts the fact that Eunrect is purely unrectifiable. Therefore,
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H1(Eunrect) = 0 and E is rectifiable.

For the convenience of the reader, we also give a more constructive proof (which
uses however a very strong result, that is theorem 14). Let E ⊂ C be a set which is
regular in the sense of Besicovitch. Then, θ1(z, E) = 1 for H1-almost every z ∈ E,
and therefore, there exists a rectifiable curve Γ such that H1(E ∩ Γ) > 0. Indeed, if
such a curve does not exist, E is purely unrectifiable and by Besicovitch’s theorem,

θ1
∗(z, E) <

3
4

for H1-almost every z ∈ E, which is impossible.
We can now construct by induction a sequence of rectifiable curves (Γi) by the fol-
lowing way:

- H1(Γ1 ∩ E) ≥ 1
2

sup{H1(Γ ∩ E); Γ rectifiable curve};

- Assume that Γ1,...,Γk have been constructed and set Ek = E \⋃k
j=1 Γj. The curve

Γk+1 is a rectifiable curve such that H1(Γk+1∩Ek) ≥ 1
2

sup{H1(Γ∩Ek); Γ rectifiable curve};
We now have two cases:
- There exists K such that sup{H1(Γ ∩ EK); Γ rectifiable curve} = 0. Thus, we stop
the construction and we have H1(E \ ∪K

k=1Γk) = 0.
- Such a K does not exist. Since

∑
k H1(Γk+1 ∩Ek) ≤ H1(E) < ∞, limk→0 H1(Γk+1 ∩

Ek) = 0. Assume that H1(E \∪kΓk) > 0. Therefore, there exists a rectifiable curve Γ

such that H1(Γ ∩ (E \ ∪kΓk)) = d > 0. But, if k is big enough, H1(Γk+1 ∩ Ek) ≤ d

10
.

Then, for this k, Γ would have been chosen instead of Γk in the construction above.
Hence, H1(E\∪kΓk) = 0. Note that the Proposition 9 has been used a lot of times. �

For every z ∈ C, every line L passing through z, r > 0 and ε > 0, we define the
cone C(z, r, ε, L) by

C(z, r, ε, L) = {y ∈ D(z, r); d(y, L) ≤ ε|y − z|}.

We say that the line L is the approximate tangent line at z to E if θs
∗(z, E) > 0 and

limr→0
1
r
H1(E \ C(z, r, ε, L)) = 0 for all ε > 0.

Theorem 16. Let E ⊂ R
2 with H1(E) < ∞.

(i) E is rectifiable if and only if, for H1-almost every x ∈ E, there exists an approxi-
mate tangent line to E.
(ii) E is purely unrectifiable if and only if for H1-almost every x ∈ E, an approximate
tangent line to E fails to exist.

It is (almost) clear that for any point x of the four corners Cantor set E, you
can not find an approximate tangent line. If Γ is a rectifiable curve, the fact that
there exists almost everywhere an approximate tangent line to Γ comes from the
Rademacher’s theorem.

Let G be the set of lines in C passing through the origin 0. Usually, G is called
the Grassmannian of C. We can equip G with a natural measure µG, namely the
Lebesgue measure on [0, 2π]. For any L ∈ G, denote by PL the orthogonal projection
on L.

Theorem 17. Let E ⊂ C with H1(E) < ∞.
(i) E is rectifiable if and only if for µG-almost every line L of G, H1(PL(A)) > 0
whenever A is a measurable subset of E such that H1(A) > 0.
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(ii) E is purely unrectifiable if and only if for µG-almost every line L ∈ G, H1(PL(E)) =
0.

Proof. To prove the direct sense of (i), it is enough to prove that if E ⊂ Γ where
Γ is a rectifiable curve, then H1(PL(E)) > 0 except perhaps for one line L. To do
this, consider z ∈ E such that Θ1(z, E) = Θ1(z, Γ) = 1. Then, for ε > 0, there exists
r > 0 such that

H1(E ∩ B(z, r)) > (1 − ε2).2r and
H1(Γ ∩ B(z, r)) < (1 + ε).2r.

From this, we get

H1(E ∩ B(z, r)) > (1 − ε)H1(Γ ∩ B(z, r)) then
H1((Γ \ E) ∩ B(z, r)) < εH1(Γ ∩ B(z, r)).

Therefore, we can find Γ0 ⊂ Γ ∩ B(z, r) such that

H1(Γ0 \ E) < εH1(Γ0) < 2ε|y − z|,
where y and z are endpoints of Γ0.

Let φ so that cosφ > 2ε and let Lφ be a line making an angle of φ with the line
passing through y and z. We denote by Pφ the orthogonal projection on Lφ. Then,
since Pφ is 1-Lipschitz,

H1(Pφ(E)) > |y − z| cos φ − H1(Pφ(Γ0 \ E))
≥ |y − z| cos φ − H1(Γ0 \ E))
≥ |y − z|(cos φ − 2ε).

Hence, H1(Pφ(E)) > 0 except for φ such that cosφ ≤ 2ε, for all ε > 0, that is for at
most one direction.
Note that our proof implies that if E ⊂ C is a set with H1(E) < ∞ such that
there exist two lines L1 and L2 with H1(PLj

(E)) = 0 (j = 1, 2), then E is purely
unrectifiable. By using this result, it is not difficult to see that the four corners
Cantor set is purely unrectifiable. See [36] for a proof of the remaining directions in
(i) and (ii). �



CHAPTER 2

P. Jones’ traveling salesman theorem

The classical Traveling Salesman Problem (TSP) consists in computing the length
of the shortest path passing through a given finite collection of points in the plane
R

2 (these points represent the cities that the traveling salesman should visit). In this
chapter, we are interested in a more geometric problem : under which conditions is a
compact set E ⊂ C contained in a rectifiable curve ? This problem was solved by P.
Jones by introducing the “β numbers”.
We will also give an overview of G. David and S. Semmes’ theory of uniformly recti-
fiable sets.

1. The β numbers

Let E ⊂ R
n. For any x ∈ R

n, any t > 0, we define

βE
∞(x, t) = inf

L
sup

y∈E∩B(x,t)

d(y, L)
t

where the infimum is taken over all lines L of R
n. By convention, βE

∞(x, t) = 0
if E ∩ B(x, t) = ∅. Most of the time, we will use the notation β∞(x, t) instead of
βE

∞(x, t). In the particular case n = 2, let Sx,t be the strip of smallest width which
contains E ∩ B(x, t). Then, the width of Sx,t is equal to tβ∞(x, t). The quantity
β∞(x, t) measures (in a scale invariant way) how well the set E is approximated by
lines in B(x, t). Note that if E ∩ B(x, t) is contained in a line, then β∞(x, t) = 0. Let

β∞(E) =
∫

Rn

∫ +∞

0
β∞(x, t)2dLn(x)

dt

tn
. In some cases, it is more convenient to use

discrete version of β(x, t). Let Q be a cube in R
n. Write

βE
∞(Q) = β∞(Q) = inf

L
sup

y∈E∩3Q

d(y, L)
diamQ

where the infimum is taken over all lines L of R
n.

Note that there exists C > 0 such that

C−1
∫

Rn

∫ +∞

0
β∞(x, t)2dLn(x)

dt

tn
≤
∑
Q∈∆

β∞(Q)2diamQ ≤ C

∫
Rn

∫ +∞

0
β∞(x, t)2dLn(x)

dt

tn

where ∆ is the usual family of dyadic cubes in R
n.

Remark. We can also define higher dimensional versions of the β numbers. For this,
take the infimum over all d-planes (for some given integer d) in the previous defini-
tion.The number d should be seen as the “dimension” of the set E.

Let Γ be a rectifiable curve in R
n. Then, Γ = s([0, l(Γ)]) where s is the param-

eterization by arc length of Γ (see chapter 1). Recall that s is 1-Lipschitz. By the
Rademacher’s theorem, s is differentiable almost everywhere on [0, l(Γ)] and therefore,
Γ admits a tangent (in the sense of calculus) almost everywhere. Thus, we can expect

H. Pajot: LNM 1799, pp. 17–27, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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that limt→0 βΓ
∞(s(u), t) = 0 for L1-almost every u ∈ [0, l(Γ)]. In fact, P. Jones proved

in [49] that βΓ
∞(x, t) is in L2 with respect to the measure dL2(x)

dt

tn
. This result is

an analog for sets of the theorem of E. M. Stein and A. Zygmund given in the first
chapter.

Theorem 18. Let Γ be a rectifiable curve in Rn. Then,

β∞(Γ) =
∫

Rn

∫ +∞

0
β∞(x, t)2dLn(x)

dt

tn
≤ Cl(Γ)

where C = C(n)

Peter Jones’ original proof [50] works only in C, because it uses complex analysis.
We will sketch the proof given in [80]. Even if this proof works in higher dimensions,
we will consider (for simplicity) only the case n = 2. Note that theorem 18 (in the
special case where Γ is a Lipschitz graph) can also be seen as an easy consequence of
Dorronsoro’s result given in chapter 1.

Without loss of generality, we can assume that Γ ⊂ Q0 where Q0 is the unit
square. The general case will follow by using translations and dilations. We denote
by s : [0, l(Γ)] → C the parameterization by arc length of Γ.

We now start with some notations and definitions.
We denote by ∆(Q0) the dyadic decomposition of Q0, namely the family of dyadic
squares contained in Q0. Let Q ∈ ∆(Q0). Similarly, we will denote by ∆(Q) the dyadic
decomposition of Q and by ∆k(Q) the family of squares of ∆(Q) of the kth generation.

Let {Tα, α ∈ Λ(Q)} be the set of connected components of s−1(Q).

Write (see figure 2)

Γα = s(Tα);

Sα = [s(xα), s(yα)] where xα and yα are endpoints of Tα;

bα = sup
y∈Γα

d(y, Sα),

b(Q) = sup
α∈Λ(Q)

bα.

Note that b(Q) looks (up to some normalization) like a β number. Set r(Q) =
infL supy∈E∩Q d(y, L). Then, r(3Q) = β∞(Q)diamQ.
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Q

Γ

Γβ

s(xβ)

s(xα)

Γα

s(yβ)

s(yα)

FiGURE 2.

For α ∈ Λ(Q), write

Λα,k(Q) = {β; T β ⊂ Tα for β ∈ Λ(Q′) and Q′ ∈ ∆k(Q)},

tα = sup
x∈Sβ ,β∈Λα,1(Q)

d(x, Sα).

We claim that
∑

R∈∆(Q0),R⊂Q

b(R)2

diamR
≤ Cl(Γ) where C = C(n).

Indeed, for any k = 1, 2, ..., let α(k) be an index such that tα(k) = sup
β∈Λα,k(Q)

tβ. Then,

it is clear that, for α ∈ Λ(Q),

(9) bα ≤
∞∑

k=0

tα(k).
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Moreover, by the Pythagorean theorem, for α ∈ Λ(Q),

(10)
t2α

diam Q
≤ C

 ∑
β∈Λα,1(Q)

l(Sβ)

− l(Sα)

 .

The claim follows from (9), (10) and standard computations.

Consider now
A = {Q ∈ ∆(Q0); b(Q) ≤ δr(Q)},

B = {Q ∈ ∆(Q0); b(Q) > δr(Q)}
where δ > 0 should be chosen small enough.
Then, ∑

Q∈B
β∞(Q)2diamQ =

∑
Q∈B

r(3Q)2

diamQ
≤ 1

δ2

∑
Q∈∆(Q0)

b(Q)2

diamQ
≤ Cl(Γ).

The last step of the proof is a little bit technical and quite lengthy. The main idea is
the following:
Assume that δ is small enough. Then, if Q ∈ A, Q ∩ Γ is almost a finite union of
straight segments. Therefore, you can associate to Q a piece of Γ ∩ Q, denoted by
EQ, such that r(Q) ≤ Cl(EQ) and

∑
Q∈A l(EQ) ≤ Cl(Γ). Note that to get the last

condition, it is enough to construct the EQ’s such that any point of Γ belongs to EQ

for at most C squares Q ∈ A. If Γ ∩ Q is exactly a finite union of segments, such a
construction is not hard to do. The general case needs more efforts !
Assuming such a construction has be done, we get∑

Q∈A
β∞(Q)2diamQ =

∑
Q∈A

r(3Q)2

diamQ
≤ C

∑
Q∈A

l(EQ)2

diamQ
≤ C

∑
Q∈A

l(EQ) ≤ Cl(Γ).

Remark. The right subset of ∆(Q0) you have to consider is A = {Q ∈ ∆(Q0); b(Q∗) ≤
δr(Q)} where Q∗ is a well chosen square that contains λQ (The constant λ > 1 should
be carefully chosen). See lemma 1 of [80].

Remark. Theorem 18 was originally proved by P. Jones for Lipschitz graphs (see [49]).
His motivation was to give a geometric proof of the L2-boundedness of the Cauchy
operator on Lipschitz graphs. We will come back later to this problem.

2. Characterization of subsets of rectifiable curves

It turns out that the condition of theorem 18 is also sufficient for a set to be
contained in a rectifiable curve.

Theorem 19. Let E ⊂ R
n be a compact set. Assume that β∞(E) < ∞. Then,

there exists a rectifiable curve Γ ⊂ R
n such that

(i) E ⊂ Γ;
(ii) l(Γ) ≤ C(β∞(E) + diam E).

Theorem 18 and theorem 19 together give a characterization of subsets of rectifi-
able curves in R

n and, by modifying a little the proofs, of subsets of regular curves.
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Theorem 20. Let E ⊂ R
n be a compact set.

(i) The set E is contained in a rectifiable curve Γ if and only if β∞(E) < ∞.
(ii) The set E is contained in a Ahlfors regular curve Γ if and only if for any x ∈ E,
any R ∈ (0, diamE), ∫

E∩B(x,R)

∫ R

0
β∞(y, t)2dH1(y)

dt

t
≤ CR.

Note that the quadratic condition in (ii) is a Carleson type condition. More pre-

cisely, it means that β∞(x, t)2dH1(x)
dt

t
is a Carleson measure on E × R

+. Since E

is Ahlfors-regular, the discussion of the first section of chapter 1 makes sense in this
setting.

We now sketch the construction of Γ given by Peter Jones in [50]. For this, we
start with a well known result (see [29] for a proof).

Proposition 21. Let A ⊂ R
n be a continuum (that is a compact connected subset

of R
n). Assume that H1(A) < ∞. Then, there exists a Lipschitz curve Γ such that

A ⊂ Γ and H1(A) ≤ l(Γ) ≤ CH1(A) (where C > 1 is a constant that does not depend
on A).

Hence, to prove theorem 19, it is enough to construct a continuum Γ that satisfies
(i) and (ii). Note that proposition 21 has no counterpart in higher dimensions. For
instance, a compact connected surface in R

n is not in general contained in a Lipschitz
surface. This explains that it is hard to give an analog of theorem 19 in higher
dimensions. Indeed, you have to construct “by hands” a nice parameterization of the
surface Γ that contains E (see [85]), whereas the Lipschitz parameterization of the
curve Γ is given for free by proposition 21.
Without loss of generality, we can assume that diamE = 1. For any k ∈ N, consider
a set ∆k ⊂ E such that
- If x, y are in ∆k, then |x − y| ≥ 2−k;
- For any y ∈ E, there exists x ∈ ∆k such that |x − y| ≤ 2−k.
Choose x0 and y0 in E such that |x0 − y0| = diamE and let Γ0 be the segment
[x0 − 2y0, y0 − 2x0]. Assume by induction that polygonal lines Γ0, ......, Γk have been
constructed with ∆j ⊂ Γj and with some other additional properties (that we do not
need for our description of P. Jones’ construction). Note that all the endpoints of
segments of Γ0, ...., Γk are not in general in E. The continuum Γ will be the limit
(in a reasonable sense) of the sequence (Γk). Let x ∈ ∆k+1 \ ∆k. We would like to
construct a new polygonal line (denoted by Γ1

k+1) passing through x by “deforming”
Γk. The point is to control l(Γ1

k+1) − l(Γk) by the β-numbers.
Assume first that β∞(x, C2−k) ≥ ε0 (where ε0 is small enough, see below). Then,
Γ1

k+1 is obtained by connecting x to all points of ∆k ∩ B(x, C2−k). Then,

l(Γ1
k+1) − l(Γk) ≤ C2−k

≤ Cε−2
0 β2

∞(x, C2−k)2−k.

From now on, we assume that β∞(x, C2−k) ≤ ε0. Roughly speaking, this means that
E ∩ B(x, C2−k) is almost contained in a line (if ε0 is small enough). Let [y, z] be
the straight segment of Γk which is the closest to x. The most favorable case is the
following:
(a) y, z are in E;
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(b) The orthogonal projection of x on the line passing through y and z is in the
segment [y, z].
Assume now that (a) and (b) hold.
Case A: The point x is almost in the middle of y and z, that is K−1|x−z| ≤ |x−y| ≤
K|x − z| for some well chosen constant K > 0. The new curve Γ1

k+1 is obtained by
replacing [y, z] by [y, x] ∪ [x, z]. Note that the distance from x to the line passing
through y and z is comparable to β(x, C2−k)2−k. Thus, by the Pythagorean theorem,
we get

l(Γ1
k+1) − l(Γk) ≤ Cβ2

∞(x, C2−k)2−k.

Case B: The point x is closed to one endpoint of [y, z] (for instance y), that is
|x− z| ≥ K|x− y|. The new curve Γ1

k+1 is obtained by adding the segment [y, 2x− y].
Therefore, if K is big enough,

l(Γ1
k+1) − l(Γk) <<

1
3
l([y, z]).

In fact, we prove that the sum of the lengths of all the segments (with endpoints y or

z) constructed by using case B is less that
1
3
|y − z| (if K is big enough). Note that

[y, z] will be contained in the final curve Γ.

The other cases can be treated in the same manner. Applying this strategy to the
other points of ∆k+1 \ ∆k, we get a new curve Γk+1 which contains ∆k+1. Then, by
taking the limit of the sequence (Γj) (with respect to the Hausdorff topology), we get
a curve Γ which contains E. Moreover,

l(Γ) ≤
∑
j∈N

(l(Γj+1) − l(Γj)) + l(Γ0)

≤ C
∑
j∈N

∑
x∈∆j

β∞(x, C2−j) +
1
3
l(Γ) + CdiamE.

The first term comes from case A, the second from case B and the third is l(Γ0). From
this, we get

l(Γ) ≤ C(β∞(E) + diamE).
In [7], C. Bishop and P. Jones established a “local” version of theorem 19.

Theorem 22. Let E be a compact set in R
n. Assume that there exists M > 0

such that
∫ diamE

0
β∞(x, t)2dt

t
≤ M for every x ∈ E. Then, there exists a rectifiable

curve Γ such that:
(i) E ⊂ Γ,

(ii) l(Γ) ≤ CeCM diam E.

Remark. A slight modification of the proof of theorem 22 shows that a compact set
E ⊂ R

n satisfying the hypothesis of theorem 22 (that is there exists M > 0 such that∫ diamE

0
β∞(x, t)2dt

t
≤ M for every x ∈ E) is contained in an Ahlfors-regular curve

whose regularity constant depends on M .
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The construction of Γ is the same as in the proof of theorem 19. As previously,
the crucial point is to control the length l(Γ) in terms of β. To do this, we construct
functions fk supported on Γk (with the same notation as above) such that

(i) 0 ≤ fk(x) ≤ C + C
∑

Q β∞(Q)2 where the sum is over all the dyadic squares
Q ∈ ∆ that contain x.

(ii)
∫

Γk

e−fkds ≤ C.

From this, we easily deduce that l(Γ) ≤ CeCMdiamE. We now explain the construc-
tion of fk. Let f0 = 0 and assume that fk is given. Recall that there are (almost) two
cases in the construction of Γk+1 from Γk. With the same notations as above, if we
assume that x is closer to y, there exists a dyadic square Q of side length 2−k+1 such
that x, y ∈ 3Q. This follows from the fact that x ∈ ∆k+1 \ ∆k.

Case A: K−1|x − z| ≤ |x − y| ≤ K|x − z|.
Define fk+1(ξ) = fk(ξ) + Cβ∞(Q)2χ3Q(ξ). Hence, since |y − x| + |x − z| − |y − z| ≤
Cβ∞(Q)2diamQ, we get ∫

Γk+1

e−fk+1ds ≤
∫

Γk

e−fkds ≤ C.

Case B: |x − z| ≥ K|x − y|.
Let I be the middle third interval of [y, z]. Define

fk+1(ξ) = fk(ξ) + Cβ∞(Q)2χ3Q(ξ) + CχI(ξ).

Since l(I) >> diamQ if K is big enough, we get∫
Γk+1

e−fk+1ds ≤
∫

Γk

e−fkds ≤ C.

A version of theorem 22 in higher dimensions will be given in the next section.
Theorem 22 is a partial result toward the so-called Carleson ε2 conjecture: Let

Γ be a closed Jordan curve and let Ωi, i = 1, 2, the connected components of C \ Γ.
For every x ∈ Γ, every t > 0, denote by Θi(x, t) the angular measure of the largest
component of Ωi ∩ ∂B(x, t) and write ε(x, t) = maxi=1,2 |π − Θi(x, t)|. Thus, if Γ is a
line, θi(x, t) = π and ε(x, t) = 0. Note that ε(x, t) can be small whereas β∞(x, t) is big.

L. Carleson conjectures that Γ is rectifiable if and only if
∫ diamΓ

0
ε2(x, t)

dt

t
< +∞

for almost every x ∈ Γ. Only the direct sense has been proved (see [7] for a proof
using the harmonic measure).

We conclude this section with a very useful corollary of theorems 19 and 21 (see
[9] for a proof and [8], [10], [48] for applications).

Theorem 23. Let E ⊂ R
n be a continuum. Assume that β∞(x, t) ≥ β0 for every

x ∈ E, every t ∈]0, diamE[. Then, dimHE ≥ 1 + Cβ2
0 (for some absolute constant

C > 0).

3. Uniformly rectifiable sets

The notion of uniformly rectifiable set introduced by G. David and S. Semmes can
be seen as a quantitative version of the notion of rectifiable set.
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Let E be a Ahlfors regular set with dimension 1 in C. Then, E can be equipped
with a family of “dyadic cubes” (see [25]) which plays the same role than the family
of usual dyadic intervals in R.

Proposition 24. There exists a family ∆(E) of partitions ∆j(E), j ∈ Z, of E
by “dyadic cubes” Q ⊂ E such that

(i) If j ≥ k, Q ∈ ∆j(E), Q′ ∈ ∆k(E), then either Q ⊂ Q′ or Q ∩ Q′ = ∅;
(ii) If Q ⊂ ∆j(E) then

C−12−j ≤ diam Q ≤ C2−j,

C−12−j ≤ H1(Q) ≤ C2−j.

(iii) If Q ∈ ∆(E), then there exists cQ ∈ E such that B(cQ, C−1diamQ) ∩ E ⊂ Q.

Moreover, if Q ∈ ∆j(E) for some j, the number of “sons” of Q (that is the number
of cubes Q′ ∈ ∆j+1(E) with Q′ ⊂ Q) is bounded (independently of j).

Remarks. Cubes can be also build to have a “small” boundary, that is, for any
Q ∈ ∆(E), for any 0 < τ < 1,

H1({z ∈ Q; d(z, E \ Q) ≤ τdiamQ}) ≤ Cτ
1
C H1(Q).

This property is very useful to get estimates for singular integral operators (see chap-
ter 6). The proposition above has been extended to space of homogeneous type by
M. Christ in [18] (where a very elegant construction is given).

We now define Lq version of the β∞’s.
If q ≥ 1, x ∈ C and t > 0, write

βq(x, t) = inf
L

(
1
t

∫
y∈E∩B(x,t)

(
d(y, L)

t

)q

dH1(y)
) 1

q

,

and if Q ∈ ∆(E),

βq(Q) = inf
L

(
1

diamQ

∫
Q

(
d(y, L)

t

)q

dH1(y)
) 1

q

where the infimum is taken over all lines L in C.

Before stating a result of G. David and S. Semmes, we need a definition. We say
that E admits a corona decomposition if, for any ε > 0, there exists C = C(ε) > 0
such that ∆(E) can be divided into a bad part B and a good part G which satisfy:
(i) The bad set B is not too big, in the sense that it satisfies a Carleson packing
condition, that is, for R ∈ ∆(E),∑

Q∈B,Q⊂R

diamQ ≤ CdiamR,

(ii) The good set G can be partitioned into a family F of subsets S of G such that:
- For any S ∈ F , there exists a top cube Q(S) such that, if Q ∈ S and if

Q′ ∈ ∆(E) with Q ⊂ Q′ ⊂ Q(S) then, Q′ ∈ S (property of “coherence” of S);

- If S ∈ F , E is well approximated by a Lipschitz graph Γ on S, that
is, for any Q ∈ S, any x ∈ E with d(x, Q) ≤ diamQ, d(x, Γ) ≤ CεdiamQ;
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- The regions (called stopping time regions) S are not too many: for
any R ∈ ∆(E),

(11)
∑

S∈F ,Q(S)⊂R

diamQ(S) ≤ CdiamR.

(or equivalently
∑

S∈F ,Q(S)⊂R

H1(Q(S)) ≤ CH1(R).).

Fix q ∈ [1, +∞].

Theorem 25. [28] Let E ⊂ C be an Ahlfors regular set of dimension 1. Then,
the following conditions are equivalent.
(i) E is contained in an Ahlfors-regular curve Γ;
(ii) There exists C > 0 such that, for all x ∈ E, all R ∈]0, diamE[,∫

B(x,R)∩E

∫ R

0
βq(x, t)2dH1(x)

dt

t
≤ CR.

(iii) E admits a corona decomposition.
(iv) There exists a bilipschitz map f : R → C such that E ⊂ f(R);

A set that satisfies one of the condition (i)-(iv) is said to be uniformly rectifiable. A
typical uniformly rectifiable set is a Lipschitz graph. Note that the previous theorem
has an analogue in higher dimensions and there are a lot of other characterizations of
uniformly rectifiable sets (see [28], [29]).

By Tchebychev, the condition (ii) with q = ∞ implies that E satisfies the weak
geometric lemma, that is for each ε > 0 the set Aε = {(x, t) ∈ E × R

+; β∞(x, t) > ε}
is a Carleson set. By the discussion of the first chapter, this means that the set Aε is
“small”.

Peter Jones’s construction can be used to prove (ii) ⇐ (i) in the case q = ∞ (see
theorem 20). But, in the general case, his construction should be adapted and it is
not so easy (see [86]).

We now explain why a uniformly rectifiable set is rectifiable (in the sense of the
first chapter). For this, consider an Ahlfors-regular set E ⊂ C which satisfies condi-
tions (i)-(iv). Fix R ∈ ∆(E). With the same notation as above, denote by h(y) the
number of stopping time regions S ∈ F so that y ∈ S and S ⊂ R. Recall that the
Carleson packing condition

∑
S∈F ,Q(S)⊂R

H1(Q(S)) ≤ CH1(R) holds. Let M > 0 and

set FM(R) = {y ∈ R; h(y) ≥ M}. Then,
∑

S⊂F ;Q(S)⊂R H1(Q(S)) ≥ MH1(FM(R)).

Thus, for any M > 0, H1(FM(R)) ≤ C

M
H1(R). This implies that almost every y ∈ R

belongs to a finite number of stopping time regions. Therefore, H1-almost every x ∈ E
belongs to a finite number of stopping time regions. Hence, for H1-almost x ∈ E,
there exist S ∈ F , tS(x) > 0 such that (x, t) ∈ S for any t ∈ [0, tS(x)[, so x ∈ ΓS.
Since the set of stopping regions S such that H1({x ∈ E; (x, 0) ∈ S}) > 0 is countable,
E can be covered by a countable union of Lipschitz graphs (with uniformly bounded
Lipschitz constants).
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The proof of theorem 25 is quite long. We will only sketch the proof of (ii) ⇒ (iii)
in the case q = ∞. To do this, choose ε0 > 0 small enough. We denote by β(Q) =
β∞(kQ) (where k > 1 is well chosen). Write

B = {Q ∈ ∆(E); β(Q) ≥ ε}.

Let Q0 ∈ ∆(E) \ B and let S0 be the set of “dyadic cubes” Q ∈ ∆(E) such that
- Q ⊂ Q0;
- For any Q̃ ∈ ∆(E) such that Q ⊂ Q̃ ⊂ Q0, Q̃ ∈ ∆(E) \ B;
- Any brother of Q belongs to ∆(E) \ B.

For any cube Q ∈ S0, there exists a line LQ minimizing β(Q). Let S be the set of
“dyadic cubes” Q ∈ S0 such that, for any Q̃ ∈ S0 with Q ⊂ Q̃ ⊂ Q0 or any brother
Q̃ of Q, angle(LQ0 , LQ̃) ≤ η. The region S is the stopping time region with top cube
Q0.
Using this procedure, it is not difficult to construct the required stopping time regions.
We now explain how to construct a Lipschitz graph Γ(S) associated to the stopping
time region S. Let Q(S) be the top cube of S. Denote by Π the orthogonal projection
on LQ(S) and by Π⊥ the orthogonal projection on L⊥

Q(S). The coordinate system is
now x = (Π(x), Π⊥(x)). For any Q ∈ S, the line LQ is the graph of an affine function
aQ. Denote by m(S) the set of minimal cubes of S. Using a partition of unity, we can
construct a function fS by gluing together the affine functions aQ, Q ∈ m(S).
For x ∈ E, write d(x) = infQ∈S(diamQ+d(x, Q)). If d(x) = 0, then x = (Π(x), Π⊥(x)).
If x and y are two points such that d(x) = 0 and d(y) = 0, then

(12) |Π⊥(x) − Π⊥(y)| ≤ 2η|Π(x) − Π(y)| ≤ 2η|x − y|.
This yields |fS(x) − fS(y)| ≤ Cη|x − y|. The first estimate of (12) follows from the
existence of a square Q with size comparable to |x − y|, closed to x and y, and such
that angle(LQ, LQ(S)) ≤ η.
More generally, if x and y are two points of S such that |x − y| ≥ inf(d(x), d(y)), the
previous estimate (12) still holds for the same reason.
Therefore, fS is Lipschitz and its graph Γ(S) satisfies d(x, Γ(S)) ≤ Cε0d(x) whenever
x ∈ S. The last point follows easily from the construction of the stopping time region
S.

The main point to prove the Carleson estimate (11) is to show that, for each stop-
ping time regions S, one of these three possibilities occurs:

(P1) H1({x ∈ Q(S); d(x) = 0}) ≥ C−1H1(Q(S));

(P2)
∑

Q∈m∗(S) H1(Q) ≥ C−1H1(Q(S)) where m∗(S) is the set of minimal cubes
in S which have one child in B;

(P3)
∑

Q∈S β∞(Q)2 ≥ αH1(Q(S)) where α > 0 is small enough.

Roughly speaking, regions which satisfy (P1) (respectively (P2)) (respectively
(P3)) are regions S where mostly you never stop (respectively you stop because
β∞((Q) ≥ ε) (respectively you stop because angle(LQ(S), LQ) ≥ η).
Here, the delicate point consists in showing that a stopping time region which does
not satisfy (P1) and (P2) satisfies (P3). For this, we need precise estimates of |∇fS|
and we use J. Dorronsoro’s theorem given in chapter 1.
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The stopping time regions for which (P1) holds satisfy the Carleson estimate (11)
because the sets of points {x ∈ Q(S), d(x) = 0} are disjoint. The Carleson condition
(11) for stopping time regions which satisfy (P2) follows from the Carleson estimate
for the betas. The Carleson estimate for the stopping regions with (P3) follows from
the following estimate (which is a consequence of the Carleson estimate for the betas):∑

Q⊂B(x,R)

β∞(Q)2 ≤
∫

t∈]0,R[

∫
E∩B(x,R)

β∞(y, t)2dH1(y)
dt

t
≤ CR.

Using theorem 25 and the covering theorem by Ahlfors regular sets given in chapter
1, quantitative conditions of rectifiability can be given. This result has an analog in
higher dimensions (that is for set E ⊂ R

n with Hd(E) < +∞ for some d ∈ N).

Theorem 26. [87] Let E ⊂ C be a compact set and let q ∈ [1, +∞].

(i) If, for H1-almost all x ∈ E, Θ1
∗(x, E) > 0 and

∫ 1

0
βq(x, t)2dt

t
< ∞, then E is

1-rectifiable.
(ii) If E is Ahlfors-regular with dimension 1, E is 1-rectifiable if and only if, for

H1-almost every x ∈ E,
∫ 1

0
βq(x, t)2dt

t
< ∞.



CHAPTER 3

Menger curvature

In [71], M. Melnikov rediscovered the Menger curvature and underlined its rela-
tionship with the Cauchy integral (see (13) below). In this chapter, we will see that
the Menger curvature is also a useful tool to study geometric properties of sets and
measures in C. The last sections of this chapter will be devoted to the (hard) problem
of giving estimates of the Menger curvature of some measures.

1. Definition and basic properties

Let x, y and z be three non collinear points in C (in particular, x, y and z are
distinct). Then, the Menger curvature c(x, y, z) of x, y and z is the inverse of the
radius of the circle passing through x, y and z. If x, y and z are collinear, we set
c(x, y, z) = 0.

Proposition 27. Let z1, z2 and z3 be three points in C. Then,

(13) c(z1, z2, z3)2 =
(

4S(z1, z2, z3)
|z1 − z2||z2 − z3||z3 − z1|

)2

=
∑

σ

1
(zσ(1) − zσ(2))(zσ(1) − zσ(3))

,

where σ runs through the set of permutations of {1, 2, 3} and S(z1, z2, z3) is the area
of the triangle with vertices z1, z2 and z3.

This formula is magic, since it shows that the sum over σ is real and
nonnegative ! We leave the proof of proposition 27 to the reader as an exercise of
elementary geometry.

From proposition 27 (or from its proof), we get two other ways to compute
c(x, y, z):

(14) c(x, y, z) =
2d(x, Lyz)

|x − y||x − z|
where Lyz is the line through y and z.

(15) c(x, y, z) = 2
sin α

L

where L is the length of a side of the triangle with vertices x, y, z and α is the angle
opposite to that side.

Let µ be a positive Borel measure in C. We define its Menger curvature as the
quantity

c2(µ) =
∫ ∫ ∫

c(x, y, z)2dµ(x)dµ(y)dµ(z).

If E ⊂ C with H1(E) < +∞, we set c2(E) = c2(H1
�E) where H1

�E denotes the restric-
tion of H1 to E.

H. Pajot: LNM 1799, pp. 29–54, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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Let A = {(x, y, z) ∈ C
3; |x − y| ≤ |x − z| ≤ |y − z|}. It is very useful to note that

(16) c2(µ) ≤ 6
∫ ∫ ∫

A

c(x, y, z)2dµ(x)dµ(y)dµ(z).

Observe that, if x, y and z are three points in C such that |x − y| ≤ |x − z| ≤ |y − z|
and |x − y| is comparable to |x − z|, then c(x, y, z) ≤ C

β∞(x, |y − z|)
|y − z| where C > 0

depends on the previous constants. This remark suggests that the Menger curvature
can be used to study flatness properties of sets in C.
Remark. The triangle with vertices x, y and z may be “thin”, whereas c(x, y, z) is
not “small”. For instance, for any ε > 0, c(−1, 1, eiε) = 1 ! In other words, in the
previous observation, the fact that the distances |x − y| and |x − z| are comparable is
crucial. We will go back later to the comparison between the Menger curvature and
the betas.

Theorem 28. Let E ⊂ C with H1(E) < +∞. If c2(E) < +∞, then E is
rectifiable.

This result was originally proved by G. David (unpublished) by adapting P. Jones’s
construction given in the previous chapter. In [56], J. C. Léger proved the theorem by
using David-Semmes’ corona construction. The difficulties come from the fact that we
do not assume that E satisfies some density properties. J. C. Léger’s proof is based
on the following result.

Proposition 29. For every C0 > 0, there exists η > 0 such that, if µ is a
compactly supported measure on C that satisfies

(i) µ(B(0, 2)) ≥ 1 and µ(C \ B(0, 2)) = 0;
(ii) µ(B) ≤ C0 diam B whenever B is a ball in C;
(iii) c2(µ) ≤ η,

then there exists a Lipschitz graph Γ such that µ(Γ) ≥ 99
100

µ(C).

The theorem 28 follows easily from this proposition. Indeed, since H1(E) < +∞,
we can write E = Erect ∪ Eunrect where Erect and Eunrect are disjoint and respectively
rectifiable and purely unrectifiable. If H1(Eunrect) 	= 0, then we can find a piece
F ⊂ Eunrect which satisfies (up to some rescaling) the hypothesis of the proposition
29 (and with H1(F ) > 0). This follows from a standard uniformization procedure
(see [36]). Therefore there exists a rectifiable curve Γ such that H1(Eunrect ∩ Γ) > 0.
This contradicts the fact that Eunrect is purely unrectifiable. Thus, H1(Eunrect) = 0
and E is rectifiable.

Note that proposition 29 is not true if we do not assume that η depends on C0.
For instance, let µ be the restriction of L2 on the unit disc D(0, 1). Then, µ satisfies
(i), (ii) and c2(µ) < +∞, but for any Lipschitz graph Γ, µ(Γ) = 0.

Remark. Recently, Y. Lin and P. Mattila [59] proved that, if E ⊂ C is Ahlfors

s-regular (with 0 < s ≤ 1
2
) and satisfies∫

E

∫
E

∫
E

c(x, y, z)2sdHs(x)dHs(y)dHs(z) < +∞,
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then there exists a countable family of C1 curves Γ1, Γ2, ... such that

Hs

(
E \
(

+∞⋃
j=1

Γj

))
= 0.

This result is false if
1
2

< s < 1.

2. Menger curvature and Lipschitz graphs

In this section, we give an estimate due to M. Melnikov and J. Verdera [72] of the
Menger curvature of a Lipschitz graph. This result will allow us to give in the next
chapter a geometric proof of the L2 boundedness of the Cauchy operator on Lipschitz
graphs.

Theorem 30. Let Γ be the graph of a K-Lipschitz function f : I → R where I is
an interval of R. Then, c2(Γ) ≤ C(1 + K)

3
2 K2diamI.

The proof is based on a localization of f and on the following consequence of
Plancherel’s theorem:∫

R

∫
R

∫
R

∣∣∣∣∣
a(y)−a(x)

y−x
− a(z)−a(y)

z−y

z − x

∣∣∣∣∣
2

dxdydz ≤ C

∫
R

|a′(t)|2dt

whenever a is a locally integrable function with a′ ∈ L2(R).
Remark. Throughout all the proof, we will use the notation dx instead of dL1(x).

Proof. Recall that, if x, y and z are points of C,

c(x, y, z) =
2d(x, Ly,z)

|x − y||x − z|
where Ly,z is the line of C passing through y and z.
If r,s and t are in I, we get, for x = (r, f(r)), y = (s, f(s)), and z = (t, f(t)),

c2(x, y, z) ≤
(

(f(t) − f(r))(s − r) − (f(s) − f(r))(t − r))
|x − y||x − z||y − z|

)2

≤
(

f(t)−f(r)
t−r

− f(s)−f(r)
s−r

t − s

)2

Write I = [a, b] and set g(t) = f(t) −
(

f(a) + (t − a)
f(b) − f(a)

b − a

)
if t ∈ I and

g(t) = 0 otherwise. Then, g is a 2K-Lipschitz function whose derivative is in L2(R).
Moreover, if r, s and t are in I,

c2(x, y, z) ≤
(

g(t)−g(r)
t−r

− g(s)−g(r)
s−r

t − s

)2

.
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This yields

c2(Γ) ≤
∫

I

∫
I

∫
I

(
f(t)−f(r)

t−r
− f(s)−f(r)

s−r

t − s

)2

(1 + |f ′(r)|) 1
2 (1 + |f ′(s)|) 1

2 (1 + |f ′(t)|) 1
2 drdsdt

≤ (1 + K)
3
2

∫
R

∫
R

∫
R

(
f(t) − f(r)

t − r
− f(s) − f(r)

sr

)2

dr
dsdt

(s − t)2

≤ (1 + K)
3
2

∫
R

∫
R

∫
R

(
f(r + h) − f(r)

h
− f(r + k) − f(r)

k

)2

dr
dhdk

(h − k)2 .

By using Plancherel’s theorem, we get

c2(Γ) ≤ (1 + K)
3
2

∫
R

∫
R

∫
R

∣∣∣∣e−iξh − 1
h

− e−iξk − 1
k

∣∣∣∣2 |ĝ(ξ)|2dξ
dhdk

(h − k)2 .

Thus, by using the changes of variables h → ξh and k → ξk, and again Plancherel’s
theorem,

c2(Γ) ≤ (1 + M)
3
2

∫
R

∫
R

∣∣∣∣e−ih − 1
h

− e−ik − 1
k

∣∣∣∣2 dhdk

(h − k)2

∫
R

|ξ|2|ĝ(ξ)|2dξ

≤ C(1 + K)
3
2

∫
R

|g′(t)|2dt

≤ C(1 + K)
3
2 K2diamI.

�

3. Menger curvature and β numbers

In this section, we will compare β numbers and the Menger curvature. All these
results have been announced by P. Jones in lectures given at the Universitat Autonoma
de Barcelona, but have never been published. All the proofs we will give follow P.
Jones’ ideas (I guess !).

Theorem 31. Let Γ be a rectifiable curve in C and let µ be a positive compactly
supported measure with suppµ ⊂ Γ. Assume that µ has linear growth:

µ(B) ≤ diamB for every ball B ⊂ C.

Then, c2(µ) ≤ C
∑

Q∈∆ βΓ
∞(Q)2µ(Q)

(or equivalently, c2(µ) ≤ C

∫
C

∫ +∞

0
βΓ

∞(x, t)2dµ(x)
dt

t
.)

In particular, by P. Jones’traveling salesman theorem, this implies that c2(µ) ≤
Cl(Γ) < +∞. From this and Frostman’s lemma, we get

Corollary 32. Let E be a compact set in the complex plane C. Assume that
H1(E) > 0 and that E is contained in a rectifiable curve Γ. Then, there exists a
positive Radon measure µ compactly supported on E with linear growth and finite
Menger curvature.

We say that an Ahlfors-regular set E ⊂ C satisfies the local curvature condition
if there exists a constant C > 0 such that∫ ∫ ∫

(E∩B)3
c(x, y, z)2dH1(x)dH1(y)dH1(z) ≤ CdiamB
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whenever B is a ball in C. For instance, by theorem 30, a Lipschitz graph satisfies
the local curvature condition.

From theorems 25 and 31, we get

Theorem 33. Let E be an Ahlfors-regular set in C. If E is uniformly rectifiable,
then E satisfies the local curvature condition.

Remark. The estimate of c2(µ) in theorem 31 can be improved if you assume that
the curve Γ has some extra properties. For instance, if the measure µ is supported
by an Ahlfors regular curve, then c2(µ) ≤ Cµ(C) where C depends on the regularity
constant of the curve. In general, this estimate is not true (see [88]).

Proof. We start with three technical lemmas.

Lemma 34. Let x, y, z and z′ be four points in the complex plane C such that

(i) x, z, z′ are collinear, and z ∈ [x, z′];
(ii) |y − z′| ≤ |y − z|.

Then, c(x, y, z) ≤ c(x, y, z′).

Proof of lemma 34. First, Thales theorem gives

d(z, Lxy)
d(z′, Lxy)

=
|x − z|
|x − z′|

where Lxy denotes the line passing through x and y.
Therefore,

c(x, y, z) =
2d(z, Lxy)

|x − z||y − z|
=

2d(z′, Lxy)
|x − z′||y − z|

≤ 2d(z′, Lxy)
|x − z′||y − z′| = c(x, y, z′).

Note that the last estimate follows from (ii).

The next result can be found in [99].

Lemma 35. Let x, y, z and z′ be four distinct points in the complex plane C such
that

A−1|y − z| ≤ |y − z′| ≤ A|y − z|
for some constant A > 0.Then,

|c(x, y, z) − c(x, y, z′)| ≤ (4 + 2A)
|z − z′|

|z − x||z − y| .
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Proof of lemma 35.

|c(x, y, z) − c(x, y, z′)| =
∣∣∣∣ 2d(z, Lxy)
|z − x||z − y| − 2d(z′, Lxy)

|z′ − x||z′ − y|
∣∣∣∣

= 2
∣∣∣∣d(z, Lxy)|z′ − x||z′ − y| − d(z′, Lxy)|z − x||z − y|

|z − x||z − y||z′ − x||z′ − y|
∣∣∣∣

≤ 2
|d(z, Lxy) − d(z′, Lxy)||z′ − x||z′ − y|

|z − x||z − y||z′ − x||z′ − y|
+2

d(z′, Lxy) ||z′ − x||z′ − y| − |z − x||z − y||
|z − x||z − y||z′ − x||z′ − y|

= I + II

Since |d(z, Lxy) − d(z′, Lx,y)| ≤ |z − z′|, we get

I ≤ 2
|z − z′|

|z − x||z − y| .
Furthermore,

||z′ − x||z′ − y| − |z − x||z − y|| = |(|z′ − x| − |z − x|)|z′ − y| + (|z′ − y| − |z − y|)|z − x||
≤ |z′ − z||z′ − y| + |z′ − z||z − x|.

Thus, since d(z′, Lxy) ≤ |z′ − y| and d(z′, Lxy) ≤ |z′ − x|, we get

II ≤ 2|z′ − z|
(

d(z′, Lxy)|z′ − y|
|z′ − x||z′ − y||z − x||z − y| +

d(z′, Lxy)|z′ − x|
|z′ − x||z′ − y||z − x||z − y|

)
≤ 2|z′ − z|

|z − x||z − y| +
2|z′ − z|

|z − x||z′ − y|
≤ (2 + 2A)

|z′ − z|
|z − x||z − y| .

Adding the inequalities obtained for I and II, we get the conclusion of lemma 35.

Lemma 36. Let x, y and z be three points of Γ such that
(i) |x − z| ≤ |x − y| and |y − z| ≤ |x − y|;
(ii)

|x − y|
2n+1 ≤ |x − z| ≤ |x − y|

2n
for some n ∈ N.

Then,

c(x, y, z) ≤ C

|x − y|
n∑

j=0

β∞

(
x, 3

|x − y|
2j

)
.

Proof of lemma 36. Let ε0 be small enough.

Assume first that there exists k ∈ {1, 2, ...., n} such that β∞

(
x, 3

|x − y|
2k

)
≥ ε0.

Therefore,

c(x, y, z) ≤ 2
|x − y| ≤ 2

ε0|x − y|β∞

(
x, 3

|x − y|
2k

)
≤ C

|x − y|
n∑

j=0

β∞

(
x, 3

|x − y|
2j

)
.

Assume now that for any j ∈ {1, 2, ..., n}, β∞

(
x, 3

|x − y|
2j

)
≤ ε0.

For any k = 1, ..., n − 1, there exist points ξ ∈ Γ such that |x − ξ| =
|x − y|

2k
. Choose
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one of these points which we denote by ξk such that |y − ξk| is minimal. Let Dk be
the line passing through x and ξk, and denote by Dn the line passing through x and
z (see figure 3).

FIGURE 3.

Let Lk be a line minimizing β∞

(
x,

3|x − y|
2k

)
.

Then, since d(x, Lk) ≤ 3β∞

(
x,

3|x − y|
2k

) |x − y|
2k

, d(ξk, Lk) ≤ 3β∞

(
x,

3|x − y|
2k

) |x − y|
2k

and |x − ξk| =
|x − y|

2k
, we get

d(w, Dk) ≤ Cβ∞

(
x,

3|x − y|
2k

) |x − y|
2k

whenever w ∈ Γ ∩ D

(
x,

3|x − y|
2k

)
. Moreover, by the definition of the betas, for any

w ∈ Γ ∩ D

(
x,

3|x − y|
2k

)
,

d(w, Lk−1) ≤ 3β∞

(
x,

3|x − y|
2k−1

) |x − y|
2k−1

and hence,

(17) β∞

(
x,

3|x − y|
2k

)
≤ Cβ∞

(
x,

3|x − y|
2k−1

)
.
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From all these remarks, we get that, for any w ∈ Γ ∩ D

(
x,

3|x − y|
2k

)
,

d(w, Dk) ≤ Cβ∞

(
x,

3|x − y|
2k

) |x − y|
2k

(18)

≤ Cβ∞

(
x,

3|x − y|
2k−1

) |x − y|
2k−1(19)

and

(20) d(w, Dk−1) ≤ Cβ∞

(
x,

3|x − y|
2k−1

)
3|x − y|

2k−1 .

Thus,

(21) angle(Dk, Dk−1) ≤ Cβ∞

(
x,

3|x − y|
2k−1

)
.

To see this, consider ak and bk two points such that |x − ak| = |x − bk| =
|x − y|

2k
,

ak ∈ Dk, bk ∈ Dk−1 and ak, bk are chosen like on figure 4:

Γ
Dk

Dk+1

x

ak

bk

FIGURE 4.

Since Γ is connected, there exists wk ∈ Γ ∩ D

(
x,

3|x − y|
2k

)
such that

|wk − ak| ≤ Cβ∞

(
x,

3|x − y|
2k−1

) |x − y|
2k−1 (from (19)),

|wk − bk| ≤ Cβ∞

(
x,

3|x − y|
2k−1

) |x − y|
2k−1 (from(20)).
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Therefore, |ak − bk| ≤ Cβ∞

(
x,

3|x − y|
2k−1

) |x − y|
2k−1 and (21) follows easily.

For any k = 1, ..., n − 1, let ηk be the point of the intersection of the line Dk and
the circle centered at x of radius |x − z| which is closer to y.

Hence, by (21), |ηk −ηk−1| ≤ C|x−z|β∞

(
x,

3|x − y|
2k−1

)
(if ε0 is small enough). By

lemma 35, this yields

c(x, y, ηk) ≤ c(x, y, ηk−1) + C
|ηk − ηk−1|

|ηk − x||ηk − y|

≤ c(x, y, ηk−1) + C
β∞(x, 3|x−y|

2k−1 )|x − z|
|x − z||ηk − y|

≤ c(x, y, ηk−1) +
C

|x − y|β∞

(
x,

3|x − y|
2k−1

)
.

By induction, we get

(22) c(x, y, z) ≤ c(x, y, η1) + C

n∑
k=2

β∞

(
x,

3|x − y|
2k−1

)
.

If ε0 is small enough, |y − ξ1| ≤ |y − η1|. Hence, by lemma 34, c(x, y, η1) ≤ c(x, y, ξ1).

Moreover, c(x, y, ξ1) ≤ C
β∞ (x, 3|x − y|)

|x − y| . Inequality (22) and these two remarks com-

plete the proof of lemma 36.

We now go through the proof of the theorem. We start with some notations.
Let ∆j be the family of dyadic squares in C whose side length is 2−j. Let Q ∈ ∆.
Denote by Q∗ the square 3Q. Write P (Q) = {R ∈ ∆, Q ⊂ R} and F (Q) = {R ∈
∆, R ⊂ Q}. If x, y ∈ Γ, we say that (x, y) ∈ Q̃ if x, y ∈ Q∗ and 1

3diamQ ≤ |x − y| ≤
3diamQ.
We now rewrite lemma 36 in terms of dyadic cubes.

Lemma 37. Assume that Q ∈ ∆ and R ∈ P (Q). Let x, y and z be three points in
Γ such that (x, z) ∈ Q∗ and (x, y) ∈ R∗. Then,

c(x, y, z) ≤ C

diamR

∑
Q⊂S⊂R

β∞(S).

Note that c2(µ) ≤ 3c̃2(µ) where c̃2(µ) =
∫ ∫ ∫

A

c(x, y, z)2dµ(x)dµ(y)dµ(z) and

A = {(x, y, z) ∈ Γ3; |x − z| ≤ |x − y|, |y − z| ≤ |x − y|}.
We now estimate c̃2(µ).

c̃2(µ) ≤
∑
Q∈∆

∫
(x,z)∈Q∗

 ∑
R∈P (Q)

∫
y∈R∗,(x,y)∈R̃

c(x, y, z)2dµ(y)

 dµ(x)dµ(z)

≤ C
∑
Q∈∆

 ∑
R∈P (Q)

1
(diamR)2

( ∑
Q⊂S⊂R

β∞(S)

)2

µ(R∗)

µ(Q∗)2.
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Let α ∈]0,
1
2
[. Then, for any Q ∈ ∆ and any R ∈ ∆ such that Q ⊂ R,

1
(diamR)2

( ∑
Q⊂S⊂R

β∞(S)

)2

=
1

(diamR)2−2α

( ∑
Q⊂S⊂R

β∞(S)
(diamR)α

)2

≤ 1
(diamR)2−2α

( ∑
Q⊂S⊂R

β∞(S)
(diamS)α

)2

Therefore, by the Cauchy-Schwarz inequality, we get

1
(diamR)2

( ∑
Q⊂S⊂R

β∞(S)

)2

≤ C

(diamR)2−2α

( ∑
Q⊂S⊂R

β∞(S)2

)
1

(diamQ)2α
.

Using this estimate and Fubini theorem, we get

c̃2(µ) ≤ C
∑
S∈∆

β∞(S)2

 ∑
Q∈F (S)

µ(Q∗)2

(diamQ)2α

 ∑
R∈P (S)

µ(R∗)
(diamR)2−2α

 .

Moreover, ∑
R∈P (S)

µ(R∗)
(diamR)2−2α

≤ C
∑

R∈P (S)

1
(diamR)1−2α

≤ C

(diamS)1−2α
,

and if we assume that S ∈ ∆j,∑
Q∈F (S)

µ(Q∗)2

(diamQ)2α
=

+∞∑
k=j

∑
Q∈∆k∩F (S)

µ(Q∗)2

(diamQ)2α

≤ C

+∞∑
k=j

∑
Q∈∆k∩F (S)

(diamQ)1−2αµ(Q∗)

≤ C

+∞∑
k=j

(2−k)1−2αµ(S)

≤ C(diamS)1−2αµ(S).

Therefore, c̃2(µ) ≤ C
∑

S∈∆ β∞(S)2µ(S) and the proof of the theorem is complete. �
Conversely, if the set is Ahlfors-regular, we can control the betas by the Menger

curvature.

Theorem 38. Let E ⊂ C be a Ahlfors-regular set (with dimension 1). Then, for
all balls B of C,

∫
E∩B

∫ diam B

0
βE

∞(x, t)2dH1(x)
dt

t
≤ C

∫ ∫ ∫
(E∩CB)3

c(x, y, z)2dH1(x)dH1(y)dH1(z)

where C > 0 depends only on the regularity constant of E.

We should emphasize that the betas in theorem 38 correspond to the set E,
whereas the betas in theorem 31 correspond to the curve Γ.
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From theorems 25, 33 and 38, we get a complete characterization of uniformly
rectifiable sets in terms of Menger curvature.

Theorem 39. Let E ⊂ C be a Ahlfors-regular set (with dimension 1). Then, E
is uniformly rectifiable if and only if E satisfies the local curvature condition.

We now prove theorem 38.

Proof. Since E is Ahlfors-regular (with dimension 1), there exists a family ∆(E)
of “dyadic cubes” associated to E (see proposition 24). We claim that the theorem
38 will follow from the

Proposition 40. Let Q ∈ ∆(E). Then,∑
S⊂Q,S∈∆(E)

β∞(S)2diamS ≤ C

∫ ∫ ∫
(E∩Q)3

c(x, y, y)2dH1(x)dH1(y)dH1(z).

To see this, consider B = B(x, R). First, we claim that it is enough to consider
the case x ∈ E and R ∈ (0, diamE). Indeed, if E ∩ B = ∅, then the integral in the
right hand side of the inequality of theorem 38 is zero, and if E ∩ B 	= ∅, then there
exists x0 ∈ E such that B ⊂ B(x0, diamB).
From now on, we assume that x ∈ E and R ∈ (0, diamE). Let j ∈ Z such that 2−j ≤
R < 2−j+1. Then, there exist “dyadic cubes” Qi ∈ ∆j(E), i = 1, 2, .., N , such that
B ⊂ ⋃N

i=1 Qi. Recall that C−12−j ≤ diamQi ≤ C2−j and C−12−j ≤ H1(Qi) ≤ C2−j

where C > 0 depends only on the regularity constant C0 of E. From this, we get⋃N
i=1 Qi ⊂ B(x, CR) and therefore there exists N0 depending only on the regularity

constant of E such that N ≤ N0. Thus,∫ R

0

∫
E∩B(x,R)

β∞(y, t)2dH1(y)
dt

t
≤ C

N∑
i=1

∑
S⊂Qi

β∞(S)2diamS

≤ C

N∑
i=1

∫
Qi

∫
Qi

∫
Qi

c(x1, x2, x3)2dH1(x1)dH1(x2)dH1(x3)

≤ C

∫ ∫ ∫
(E∩B(x,CR))3

c(x1, x2, x3)2dH1(x1)dH1(x2)dH1(x3)

where C depends only on the regularity constant of E.

We now prove proposition 40 and for this, we start with some notations. Write
µ = H1

|E and denote by µ̃ the normalization of µ, that is∫
A

gdµ̃ =
1

µ(A)

∫
A

gdµ.

Of course, µ̃ is not a measure !
If z1, z2,..., zn are n pairwise distinct points in C, write

β(z1, z2, ..., zn) =
ω(z1, z2, .., zn)
maxi�=j |zi − zj|

where ω(z1, z2, .., zn) is the width of a (infinite) strip of smallest possible width which
contains z1, z2,..., zn.
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Fix Q ∈ ∆(E). Recall (see proposition 24) that, by construction, there exists a
ball B = B(x, R) such that E ∩ B ⊂ Q where x ∈ E and R = C−1diamQ. Then, we
can find z1, z2 ∈ E ∩B such that |z1 − z2| ≥ C−1R (where C > 0 depends only on the
regularity constant of E). Indeed, fix z1 ∈ E ∩B and assume that the conclusion does
not hold, that is |z1−z| ≤ C−1R whenever z ∈ E∩B. Thus, E∩(B\B(z1, C

−1R)) = ∅
and therefore, µ(B) = µ(B(z1, C

−1R)). This yields

C−1
0 R ≤ µ(B) = µ(B(z1, C

−1R)) ≤ C0C
−1R.

But, this estimate is impossible if C >> C2
0 (here, C0 is the regularity constant of E).

Consider now z0 ∈ E ∩ B such that

sup
z∈E∩B

d(z, Lz1z2)
R

=
d(z0, Lz1z2)

R

where Lz1z2 is the line of C passing through z1 and z2. Note that β∞(Q) ≤ C
d(z0, Lz1z2)

R
≤

Cβ(z0, z1, z2).

Claim: There exist λ ∈ (0, 1) (depending only on the regularity constant of E) and
two collections of balls (Bn), (B̃n) centered on E such that

C−1λnR ≤ d(Bn, B̃n) ≤ CλnR

C−1λnR ≤ diamBn = diamB̃n ≤ CλnR

C−1λnR ≤ d(z0, Bn) ≤ CλnR

C−1λnR ≤ d(z0, B̃n) ≤ CλnR

C−1λnR ≤ d(Bn, Bn+1) ≤ CλnR

C−1λnR ≤ d(B̃n, B̃n+1) ≤ CλnR

where C > 0 depends only on the regularity constant of E (see figure 5).
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z0

xn yn

xn+1 yn+1

Bn B̃n

Bn+1
B̃n+1

FIGURE 5.

Proof of the claim: We start with an easy lemma.

Lemma 41. Let ξ ∈ E and let r ∈ (0, diamE). Then, there exists δ ∈ (0, 1)
(depending only on the regularity constant of E) such that

E ∩ (B(ξ, r) \ B(ξ, δr)) 	= ∅.

Proof. Assume that E∩(B(ξ, r)\B(ξ, δr)) = ∅. Then, µ(B(ξ, r)) = µ(B(ξ, δr)).
Thus, since E is Ahlfors-regular (with constant C0),

C−1
0 r ≤ µ(B(ξ, r)) = µ(B(ξ, δr)) ≤ C0δr.

From this, we get δ ≥ C−2
0 . Therefore, if δ < C−2

0 ,

E ∩ (B(ξ, r) \ B(ξ, δr)) 	= ∅.

�
Fix now δ given by the lemma and for n ∈ N, write

An = B(z0, δ
2nR) \ B(z0, δ

2n+2R)

Cn = B(z0, δ
2n+1R) \ B(z0, δ

2n+2R).
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Note that Cn ⊂ An and E ∩ Cn 	= ∅.
Let ξn ∈ E ∩ Cn. Then,

B

(
ξn,

δ2n+2R

1000

)
⊂ B

(
z0,

3δ2n+1R

2

)
\ B

(
z0,

δ2n+2R

10

)
.

By using the lemma again, there exists ζn ∈ E∩
(

B

(
ξn,

δ2n+2R

1000

)
\ B

(
ξn,

δ2n+3R

1000

))
.

Set λ = δ2 and
Bn = B(ξn, λ

n+2R)

B̃n = B(ζn, λ
n+2R).

If δ > 0 is small enough, the balls (Bn) and (B̃n) satisfy the conclusion of the claim.

Step 0 : Up to some modifications in the construction above, we can assume that

the sets B0, B̃0 and S =
2⋃

j=0

B(zj, δR) are pairwise disjoint.

Define

F0(x, y) =
∫

S

c(x, y, z)2dµ̃(z),

G0 =
∫

B0

∫
B̃0

F0(x, y)dµ̃(x)dµ̃(y).

By Tchebychev inequality, there exist x0 ∈ B0 and y0 ∈ B̃0 such that F0(x0, y0) ≤
CG0. Note that β(z0, z1, z2) ≤ C

∑2
j=0 β(zj, x0, y0) (where C depends on λ and the

regularity constant of E). Thus, even if this means changing the labelling of the points
z0, z1, z2, we can assume that β(x0, y0, z0) ≥ C−1β(z0, z1, z2).

Our goal is to choose “good” points xn ∈ Bn, yn ∈ B̃n. We now explain what
means “good”. For this, assume that these points have been chosen. Then,

β∞(Q) ≤ Cβ(z0, z1, z2) ≤ C

R

∑
n

ω(xn, yn, xn+1, yn+1).

But, ω(xn, yn, xn+1, yn+1) is comparable to β(xn, yn, xn+1, yn+1)λnR, and if we set
cn = c(xn, yn, xn+1) + c(xn, yn, yn+1), cn is comparable to β(xn, yn, xn+1, yn+1)λ−nR−1.
From this, we get

β∞(Q) ≤ C

R

∑
n

ω(xn, yn, xn+1, yn+1) ≤ C

R

∑
n

cn(λnR)2.

Since we would like to control β∞(Q) by a triple integral of Menger curvature, a
natural idea is to choose the points (xn) and (yn) such that

c2
n ≤ C

∫
Bn

∫
B̃n

∫
Bn+1∪B̃n+1

c(x, y, z)2dµ̃(x)dµ̃(y)dµ̃(z).

Step n: Assume that we have chosen xn ∈ Bn and yn ∈ B̃n such that

(i) F (xn, yn) ≤ C1Gn,

(ii) c(xn−1, yn−1, xn)2 ≤ C2Gn−1 and c(xn−1, yn−1, yn)2 ≤ C2Gn−1
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where, as previously,

Fn(x, y) =
∫

Bn+1∪B̃n+1

c(x, y, z)2dµ̃(z),

Gn =
∫

Bn

∫
B̃n

Fn(x, y)dµ̃(x)dµ̃(y).

By using the Tchebychev inequality, the definitions of Fn and Gn, the choice of xn

and yn, we get

µ̃({z ∈ Bn+1 ∪ B̃n+1; c(xn, yn, z)2 ≥ C2Gn}) <
C1

C2

µ̃ × µ̃({(x, y) ∈ Bn+1 × B̃n+1; Fn+1(x, y) ≥ C1Gn+1}) <
1
C1

By using these estimates, we can easily construct xn+1 ∈ Bn+1 and yn+1 ∈ B̃n+1

which satisfy the induction properties (i) and (ii) above.
Thus,

β∞(Q) ≤ C

R

∑
n

cn(λnR)2

where

cn ≤ C

∫
Bn

∫
B̃n

∫
Bn+1∪B̃n+1

c(x, y, z)2dµ̃(x)dµ̃(y)dµ̃(z).

Then, by Hölder inequality, we get

β∞(Q)2 ≤ C
(∑

cnλ
2nR
)2

≤ C
(∑

c2
n(λnR)3(λnR)

1
2

)∑
λ

n
2 (R)

−3
2 .

Since
∑

λ
n
2 < +∞, this yields

β∞(Q)2 ≤ CR
−3
2

∑
n

c2
n(λnR)3(λnR)

1
2 .

Moreover, since µ(Bn) and µ(B̃n) are comparable to λnR,

c2
n(λnR)3 ≤ C

∫
Bn

∫
B̃n

∫
Bn+1∪B̃n+1

c(x, y, z)2dµ(x)dµ(y)dµ(z).

Thus,

β∞(Q)2diamQ ≤ CR− 1
2

∑
n

(∫
Bn

∫
B̃n

∫
Bn+1∪B̃n+1

c(x, y, z)2dµ(x)dµ(y)dµ(z)(λnR)
1
2

)
and therefore

β∞(Q)2diamQ ≤ C
∑

P⊂Q,P∈∆(E)

∫
P ∗

c(x, y, z)2dµ(x)dµ(y)dµ(z)
(

diamP

diamQ

) 1
2

where P ∗ is the set of triples of points (x1, x2, x3) ∈ (3P )3 such that C−1diamP ≤
|xi − xj| ≤ 3 diamP for i 	= j.
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Fix now Q ∈ ∆(E). By Fubini theorem, we get (the sum over S and P are for
S, P ∈ ∆(E))

∑
S⊂Q

β∞(S)2diamS ≤ C
∑
S⊂Q

∑
P⊂S

∫
P ∗

c(x, y, z)2dµ(x)dµ(y)dµ(z)
(

diamP

diamS

) 1
2

≤ C
∑
P⊂Q

∫
P ∗

c(x, y, z)2dµ(x)dµ(y)dµ(z)

≤ C

∫
Q

∫
Q

∫
Q

c(x, y, z)2dµ(x)dµ(y)dµ(z).

and the proof is complete.
�

4. Menger curvature and Cantor type sets

We start with a general result of P. Mattila [66].

Theorem 42. Let h : [0, +∞] → [0, ∞] be a non decreasing function such that∫ +∞

0
r−3h2(r)dr < ∞ and let µ be a finite Borel measure in C such that, for every

ball B of radius r > 0, µ(B) ≤ Ch(r). Then,

c2(µ) ≤ Cµ(C)
∫ +∞

0
r−3h2(r)dr.

Proof. We follow the proof given by P. Mattila in [66].
We start with some observations. Set µr(y) = µ(B(y, r)).

Then,
(

h(r)
r

)2

≤ 8
∫ 2r

r

t−3h2(t)dt, hence limr→0
h(r)
r

= 0.

From this, we get

(23) lim
r→0

µr(y)
r

= 0 since
µr(y)

r
≤ h(r)

r
.

(24) lim
r→+∞

µr(y)
r

= 0 since
µr(y)

r
≤ µ(C)

r
.

If x, y and z are three points of A = {(x, y, z); |x− y| ≤ |x− z| and |x− y| ≤ |y − z|},
then

c(x, y, z) =
2d(z, Lx,y)

|x − z||y − z| ≤ 2
1

|y − z| .

Therefore, we get
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c2(µ) ≤ 3
∫

A

∫
A

∫
A

c2(x, y, z)dµ(x)dµ(y)dµ(z)

≤ 12
∫

A

∫
A

∫
A

|y − z|−2dµ(x)dµ(y)dµ(z)

≤
∫

A

∫
A

∫
B(y,|y−z|)

|y − z|−2dµ(x)dµ(y)dµ(z)

= 12
∫ ∫

µ(B(y, |y − z|))
|y − z|2 dµ(y)dµ(z)

= 12
∫ ∫ ∞

0

µy(r)
r2 dµy(r)dµ(y) (in the Riemann-Stieltjes sense)

By integrating by parts, and by using (23) and (24), we get

c2(µ) ≤ 12
∫ ∫

µy(r)2

r3 drdµ(y) ≤ 12µ(C)
∫ ∞

0

h2(r)
r3 dr.

�
By Frostman’s lemma and theorem 42, we easily get

Corollary 43. Let E ⊂ C with dimH(E) > 1.Then there exists a positive finite
Radon measure µ compactly supported on E with linear growth and finite Menger
curvature.

Let (λn) be a non-increasing sequence of real numbers with 0 < λ <
1
2
. We

associate a generalized four corners Cantor set E to this sequence in the following
way.
Let K0 be the unit interval [0, 1] and let K1 = [0, λ1] ∪ [1 − λ1, 1]. Assume that
Kn−1 have been constructed. The set Kn is obtained from Kn−1 by replacing each
component of Kn−1 by the two endmost intervals of length λ1......λn. Set K = ∩nKn

and then, E = K × K. Note that E =
∞⋂

n=1

4n⋃
j=1

Qj
n, where Qj

n is a square of side length

σn = λ1....λn. The Cantor set constructed in the first chapter corresponds to the

constant sequence λn =
1
4
.

Let h : [0, +∞) → [0, +∞) be a non-decreasing function such that h(0) = 0 and
h(σn) = 4−n (for n = 1, 2, ..) and let Λh be the Hausdorff measure associated to the
gauge h (see chapter 1).

Theorem 44. With the same notations as above, we have
(i) 0 < Λh(E) < +∞ and there exists C > 1 such that

Ch(r) ≤ Λh(E ∩ B(x, r)) ≤ Ch(r)

whenever x ∈ E and 0 < r < 2.

(ii) If
∑

n

(
4−n

σn

)2

< +∞, then c2(Λh) < +∞.

The proof of (i) is left to the reader. The part (ii) follows from P. Mattila’s result

by noting that the sum
∑

n

(
4−n

σn

)2

is comparable to
∫ +∞

0
r−3h2(r)dr.
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5. P. Jones’ construction of “good” measures supported on continua

In this section, we will prove that any continuum E of the complex plane C

supports a positive Radon measure with linear growth and finite Menger curvature.
As for theorems 31 and 38, this result has been announced by P. Jones who never
published his proof. The construction we will give is widely inspired by handwritten
notes of G. David (which are based on conversations with P. Jones). Recall that a
continuum E ⊂ C is a compact connected set.

Theorem 45. There exists C0 > 0 such that, for any continuum E ⊂ C, there
exists a positive Radon measure µ supported on E which satisfies

(i) µ(E) ≥ C−1
0 diamE;

(ii) µ(B(x, r)) ≤ C0r whenever x ∈ C and r > 0;
(iii) c2(µ) ≤ C0diamE.

Proof. The strategy of the proof is the following. By using theorem 22 and
a stopping time argument involving the beta numbers, we associate to each ball B
centered on E an Ahlfors regular curve ΓB which contains a large part of E ∩ B or
approximates a large part of E ∩ B. From this, we construct a sequence of measures
µj which converges weakly to a measure µ supported on E. Finally, we check that
this measure satisfies (i), (ii) and (iii). Here, we use the fact that the restriction of
H1 to any Ahlfors regular curve has linear growth and satisfies the local curvature
condition (by theorem 33).

Let M > 0 big enough.

Construction of µ (Step 1)

Let B = B(xB, RB) be a ball centered on E and with radius RB ≤ diamE. Let
KB be the connected component of E ∩ B which contains xB. We leave to the reader
to check that KB is a continuum with diamKB ≥ RB.
For any x ∈ KB, set

tB(x) = inf
{

t ∈ (0, RB);
∫ RB

t

βKB∞ (x, t)2dt

t
≤ M

}
.

Therefore, tB(x) = 0 if and only if
∫ RB

0
βKB∞ (x, t)2dt

t
≤ M .

Write Z(B) = {x ∈ KB; tB(x) = 0}.
By easy computations, we get, for any x ∈ Z(B),∫ RB

0
βZ(B)

∞ (x, t)2dt

t
≤
∫ RB

0
βKB∞ (x, t)2dt

t
≤ 4M.

We say that B ∈ G (respectively B ∈ B) if H1(Z(B)) ≥ 1
100

RB (respectively

H1(Z(B)) <
1

100
RB).

Assume first that B ∈ G. Since
∫ RB

0
βZ(B)

∞ (x, t)2dt

t
≤ 4M for any x ∈ Z(B),

theorem 22 (see the remark after theorem 22) implies that Z(B) is contained in
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a Ahlfors-regular curve ΓB (whose regularity constant depends only on M). Set
µB = H1

�Z(B). Then,

(i) µB(C) = H1(Z(B)) ≥ RB

100
;

(ii) µB(B(x, r)) ≤ Cr whenever x ∈ C and r > 0;
(iii) c2(µB) ≤ CRB by theorem 39,

where the constant C > 0 depends only on M . We should emphasize that all the
constants C in this proof depend on M and on nothing else.

Assume now that B ∈ B. Set G(B) = (E ∩ B) \ Z(B). Then, by a standard
covering lemma (see [54] page 2), there exists a countable set X(B) ⊂ G(B) such
that G(B) ⊂ ∪x∈X(B)B(x, 10tB(x)) and the balls B(x, 2tB(x)), x ∈ X(B), are pairwise

disjoint. If M is big enough, then tB(x) ≤ RB

104 , since the beta numbers are always
less than 1.
We claim that

(25)
∑

x∈X(B)

tB(x) ≥ 10RB.

Indeed, for x ∈ X(B), set

H(x) = ∂B(x, 2tB(x)) ∪ ∂B(x, 10tB(x)) ∪ Dx

where Dx is any diameter of ∂B(x, 10tB(x)).
Then, H(x) is connected and H1(H(x)) ≤ 100tB(x). Set E(B) = Z(B)∪(∪x∈X(B)H(x)

)
.

We leave to the reader to check that E(B) is compact and connected (recall that E
is a continuum !!!). Moreover, since B ∈ B,

H1(E(B)) ≤ H1(Z(B)) + 100
∑

x∈X(B)

tB(x)

≤ 1
100

RB + 100
∑

x∈X(B)

tB(x).

To conclude, we need a lower bound and for this, we will use P. Jones’ traveling
salesman theorem.
Let y ∈ E(B) \ Z(B). Then, there exists x ∈ X(B) such that y ∈ H(x). Let
x0 ∈ X(B) such that

tB(x0) = sup{tB(x); y ∈ H(x)}.

We would like to prove that, if t ≥ 103tB(x0), then

(26) βE(B)
∞ (y, t) ≥ 10−2βE

∞(x0,
t

100
).

For this, let L be a line minimizing β
E(B)
∞ (y, t), that is such that

(27)
d(z, L)

t
≤ βE(B)

∞ (y, t) whenever z ∈ B(y, t) ∩ E(B).
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Fix now z ∈ B

(
x0,

t

100

)
∩ E. Then,

|z − y| ≤ |z − x0| + |x0 − y|
≤ t

100
+ 20tB(x0)

≤ 3t
100

( by the choice of t).

Therefore, z ∈ B

(
y,

3t
100

)
. We divide now the proof of (26) into three cases.

Case 1. z ∈ Z(B).
Since z ∈ E(B) ∩ B

(
y, 3t

100

) ⊂ E(B) ∩ B(y, t) we get from (27),

(28)
d(z, L)

t
≤ βE(B)

∞ (y, t).

From now on, we assume that z /∈ Z(B). Therefore, by construction, there exists
x ∈ X(B) such that z ∈ B(x, 10tB(x)).

Case 2. B(x, 10tB(x)) ⊂ B(y, t).
Thus, H(x) ⊂ B(y, t) ∩ E(B) and

(29)
d(z, L)

t
≤ βE(B)

∞ (y, t).

Case 3. B(x, 10tB(x)) is not contained in B(y, t).

Note that, since z ∈ B(x, 10tB(x)) ∩ B

(
y,

3t
100

)
, 20tB(x) ≥ 97

100
t and then

(30) 30tB(x) ≥ t.

Since t ≥ 103tB(x0), we get tB(x) ≥ tB(x0) and thus, by the choice of x0, y /∈
B(x, 10tB(x)). But, z ∈ B(x, tB(x)) ∩ B(y,

3t
100

). Hence,
3t
100

≥ |y − z| ≥ 10tB(x).
This implies t > 30tB(x) and this inequality contradicts (30). Therefore, this case is
impossible. Thus, (26) follows from (28) and (29).

By integrating (26), we get∫ RB

103tB(x0)
βE(B)

∞ (x, t)2dt

t
≥ 10−4

∫ RB

103tB(x0)
βE∩B

∞ (x0, t)2dt

t

≥ 10−4M − log 10 (since x0 /∈ Z(B))
≥ 10−5M (if M is big enough).

Thus, for any y ∈ E(B) \ Z(B),

(31)
∫ RB

0
βE(B)

∞ (y, t)2dt

t
≥ 10−5M.

We now prove (25) by contradiction. For this, assume that
∑

x∈X(B) tB(x) ≤ 10RB.
Then, H1(E(B)) ≤ (10−1 + 103)RB. Thus, by theorem 18,

(32)
∫

x∈E(B)

∫ RB

0
βE(B)

∞ (x, t)2dH1(x)
dt

t
≤ CRB.
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On the other hand, since E(B) is connected,

H1(E(B)) ≥ diamE(B) ≥ RB.

Since H1(Z(B)) ≤ 1
100

RB, we get H1(E(B) \ Z(B)) ≥ RB

2
. From this and (31), we

get ∫
x∈E(B)\Z(B)

∫ RB

0
βE(B)

∞ (x, t)2dH1(x)
dt

t
≥ 10−5MH1(E(B) \ Z(B))

≥ 10−5M
RB

2
.

This contradicts (32) if M is big enough, and the proof of (25) is complete. For

any x ∈ KB ∪ X(B),
∫ RB

0
βKB∪X(B)

∞ (x, t)2dt

t
≤ 100M . Therefore, by theorem 22,

KB ∪ X(B) is contained in a Ahlfors regular curve denoted by ΓB. Since the balls
B(x, tB(x)), x ∈ X(B), are pairwise disjoint and H1(ΓB ∩ B(x, tB(x))), x ∈ X(B), is
comparable to tB(x), we can assume that the curve ΓB contains a cross G(x) for any
x ∈ X(B). This cross G(x) is just the union of two perpendicular segments centered
on x and whose diameter is 2tB(x). We leave to the reader to check the details.
Let µB be the restriction to ∪x∈X(B)G(x) of H1

�ΓB
.

Construction of µ (Step 2)

Without loss of generality, we can assume that 0 ∈ E, E ⊂ D(0, 1) and diamE ≥
1
10

. We first construct by induction a collection of balls F = ∪j∈NFj as follows:
- F0 = {D(0, 1)}.
- If we assume that Fn has been build, we set

Fn+1 = {B(x, tB(x)), x ∈ X(B) and B ∈ Fn ∩ B}.

Remarks. 1) If every B ∈ Fn is also in G, then Fn+1 = ∅.
2) Let B1, B2 be two balls of Fk. If B and B′ are two balls of Fk+1 which are contained
in B1 and B2 respectively, then B ∩ B′ = ∅, B ∩ B1 = ∅ and B′ ∩ B2 = ∅. To see this,

recall that 2B1 ∩ 2B2 = ∅, diamB ≤ diamB1

10
and diamB′ ≤ diamB2

10
.

We set Gj = Fj ∩ G and Bj = Fj ∩ B. Our goal is to construct a sequence of
measures (µn) supported on these balls. Recall that a measure µB can be associated
to any ball B centered on E and the definition of µB depends on the fact that B ∈ B
or B ∈ G.

- µ0 = a0µB0 where B0 = D(0, 1) and a0 > 0 is chosen such that µ0(C) = diamE.
- Assume that the measures µ1,...,µn have been build such that

(P1) µj(C) = diamC.
(P2) µj is supported on the disjoint (see remark 2) above) union of the balls B,

B ∈ Fj ∪ (∪j−1
k=1Gk

)
.

(P3) µj(B) ≤ 10−kRB if B ∈ Fk for some k ≥ j (here, RB is the radius of B).
We now construct µn+1. For this, consider B ∈ Fn. As previously, there are two
cases.
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Case 1. B ∈ G.

Set µn+1�B =
µn(B)

H1(Z(B))
µB. Then,

µn(B)
H1(Z(B))

≤ 100
µn(B)
RB

≤ 10−n by (P2). Thus,

for any ball B̃ ⊂ B, µn+1(B̃) ≤ CdiamB̃ since µB is Ahlfors regular. Moreover,
µn+1(B) = µn(B).

Case 2. B ∈ B.
For any x ∈ X(B), set B(x) = B(x, tB(x)) and

µn+1�B(x) =
µn(B)∑

y∈X(B) tB(y)
tB(x)

µB(x)(B(x))
µB(x).

Then, µn+1(B) = µn(B). Note that by (25) and by induction, µn+1(B(x, tB(x)) ≤
10−n−1tB(x).

It is not difficult to see that µn+1 satisfies (P1), (P2) and (P3).

Before explaining how we get the measure µ, we recall some basic facts about weak
convergence of sequences of measures (see [65] pages 18-19). We say that a sequence
of Radon measures (νi) on R

n converges weakly to ν if limi→+∞
∫

φdνi =
∫

φdν for
all φ ∈ C0(Rn). This notion is very convenient since, if supi∈N νi(K) < +∞ for all
compact sets K ⊂ R

n, then there exists a subsequence of (νi) which converges weakly.
Moreover, if (νi) converges weakly to ν, then

ν(K) ≥ lim sup
i→+∞

νi(K) for any compact K ⊂ R
n,

ν(O) ≤ lim inf
i→+∞

νi(O) for any open set O ⊂ R
n.

Since µi(C) = diamE < +∞, there exists a weakly convergent subsequence of
(µi). Denote by µ its weak limit. Then, set µ(B) = α(B)RB. By (P3), if B ∈ Fk,

(33) α(B) ≤ 10−k.

id est, µ(B) ≤ C10−kRB. Moreover, if B′ ⊂ B is a ball of Fk+1, then α(B′) ≤ Cα(B).
Note that (P1) implies the conclusion (i) of theorem 45 and µ(C) ≤ CdiamE.

The measure µ has linear growth

First, note that is enough to prove that µ(B(x, R)) ≤ CR where x ∈ Suppµ and
R > 0.
Indeed, consider x ∈ C. If B(x, R) ∩ Suppµ = ∅, then µ(B(x, R)) = 0. Otherwise,
there exists y ∈ B(x, R) ∩ Suppµ, and therefore

µ(B(x, R)) ≤ µ(B(y, 10R)) ≤ CR.

From now on, we assume that x ∈ Supp. Then there exists a collection of balls Bj(x)
such that x ∈ Bj(x) and Bj(x) ∈ Fj.The collection of balls Bj(x) may be finite if
x ∈ B for some B ∈ G.

If R ≥ diamE

10
, then µ(B(x, R)) ≤ µ(C) ≤ CdiamE ≤ CR. Assume now that R ≤

diamE

10
. Let Bj(x) be the ball with the smallest radius such that B(x, R) ⊂ 2Bj(x).



5. P. JONES’ CONSTRUCTION OF “GOOD” MEASURES SUPPORTED ON CONTINUA 51

Case 1. Bj(x) ∈ G. Then, since µ�Bj(x) is Ahlfors regular with constant depending
only on M , µ(B(x, R)) ≤ CR.

In the other cases below, Bj(x) is supposed to be in B.

Case 2. RBj(x) ≤ 106R.
Then, by (33),

µ(B(x, R)) ≤ µ(2Bj(x)) ≤ CRBj(x) ≤ C106R.

Case 3. R < 10−6RBj(x).
Set K(x, R) = {B ∈ Fj+1, B ∩ B(x, R) 	= ∅}. Then, if B ∈ K(x, R), then RB ≤ 10R.
Indeed, if not, B(x, R) ⊂ 2B and this contradicts the choice of Bj(x). Thus, any
B ∈ K(x, R) is contained in B(x, 20R). Note that B(x, 20R) ⊂ 2Bj(x). Therefore,

µ(B(x, R)) ≤
∑

B∈K(x,R)

µ(B) ≤ C
∑

B∈K(x,R)

RB (by (33))

≤ C
∑

B∈K(x,R)

H1(ΓBj(x) ∩ B)

≤ CH1(ΓBj(x) ∩ B(x, 20R))
≤ CR (since ΓBj(x) is Ahlfors regular).

The measure µ has finite Menger curvature

We start with some notations and some observations.

To each ball B = B(x, tB(x)) ∈ B corresponds a cross G(x). Denote by Wi(B),

i = 1, 2, 3, 4 the four segments in G(x)∩(B(x, tB(x))\B

(
x,

1
2
tB(x)

)
. Let y ∈ W1(B).

Set y = y1 and denote by y2, y3 and y4 the points of W2(B), W3(B) and W4(B) that
you get by rotating y. We set W (B) = ∪4

i=1W (Bi).

Observation 1

Let B1, B2 and B3 be three balls of B such that 2Bi ∩ 2Bj for i 	= j. Let x1, x2,
x3 be three points in B1, B2 and B3 respectively.

Consider z ∈ B1. Then,

|x1 − x2| ≤ |x1 − z| + |z − x2|
≤ 2RB1 + |x2 − z|
≤ 3|x2 − z|.

Therefore,
1
3
|x2 − x1| ≤ |x2 − z| ≤ 3|x2 − x1|

and, for the same reasons,

1
3
|x3 − x1| ≤ |x3 − z| ≤ 3|x3 − x1|.
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By lemma 35, this implies

c(x1, x2, x3) ≤ c(z, x2, x3) + 10
|x1 − z|

|z − x2||z − x3| .

Let y1 ∈ W1(B1). Then, there exists i ∈ {1, 2, 3, 4} such that |x1−yi| ≤ 10d(yi, Lx2x3).
Thus,

c(x1, x2, x3) ≤ c(yi, x2, x3) + 100
d(yi, Lx2x3)

|yi − x2||yi − x3|
≤ 51c(yi, x2, x3).

Observation 2

Let B1 and B3 be two balls of B such that 2B1 ∩ 2B3 = ∅.
Let z ∈ B1. As previously,

1
3
|x3 − x1| ≤ |x3 − z| ≤ 3|x3 − x1|.

By lemma 35,

c(x1, x2, x3) ≤ c(z, x2, x3) + 10
|x1 − z|

|z − x2||z − x3| .

Let y1 ∈ W1(B1). Then, there exists i ∈ {1, 2, 3, 4} such that |x1−yi| ≤ 10d(yi, Lx2x3).
Thus, c(x1, x2, x3) ≤ 51c(yi, x2, x3).

We now prove the estimate

c2(µ) ≤ CdiamE.

First, note that, if x, y and z are three points in Suppµ, then there exists a minimal
ball B ∈ F (denoted by B(x, y, z)) such that x, y, z ∈ B. Thus, this yields

(34) c2(µ) ≤ c2(G) + c2(B)

where c2(G) =
∑

B∈G c2(B), c2(B) =
∑

B∈B c2(B) and

c2(B) =
∫ ∫ ∫

c(x, y, z)2dµ(x)dµ(y)dµ(z)

where the integral is over all triples (x, y, z) such that B(x, y, z) = B.

Assume that B ∈ Gn. Since B ∩Suppµ is contained in a Ahlfors regular curve ΓB,∫ ∫ ∫
(B∩Suppµ)3

c(x, y, z)2dH1(x)dH1(y)dH1(z) ≤ CRB.

But, by construction of µ,

c2(B) ≤ C(α(B))3
∫ ∫ ∫

(B∩Suppµ)3
c(x, y, z)2dµ(x)dµ(y)dµ(z)

where α(B) satisfies µ(B) = α(B)RB and α(B) ≤ 10−n (see (33)). Thus, we get

c2(B) ≤ C(α(B))3RB.
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Therefore,

c2(G) =
+∞∑
n=0

∑
B∈Gn

c2(B)

≤ C
+∞∑
n=0

∑
B∈Gn

(10−n)2α(B)RB

≤ C

+∞∑
n=0

(10−n)2
∑
B∈Gn

µ(B).

Therefore, since the balls B ∈ G are disjoint, we get

(35) c2(G) ≤ Cµ(E) ≤ CdiamE.

Assume now that B ∈ Bn. Let x1, x2 and x3 be three points of B∩Suppµ. Denote
by Bi, i = 1, 2, 3, the balls of Fn+1 such that Bi ⊂ B and xi ∈ Bi, i = 1, 2, 3.

Case 1. the balls B1, B2 and B3 are disjoint.
Then by observation 1, for any choice of points yi ∈ W (Bi), i = 1, 2, 3 there exist
points zi ∈ W (Bi), which are obtained by rotating the yi’s, such that

c(x1, x2, x3) ≤ 200c(z1, z2, z3).

By integrating with respect to H1 and then with respect to µ, we get
(36)

c2(B1, B2, B3) ≤ C

(
Π3

i=1
µ(Bi)
rBi

)∫
W (B1)

∫
W (B2)

∫
W (B3)

c(z1, z2, z3)2dH1(z1)dH1(z2)dH1(z3)

where

c2(B1, B2, B3) =
∫

B1

∫
B2

∫
B3

c(x1, x2, x3)2dµ(x1)dµ(x2)dµ(x3).

Set c2
1(B) =

∑
B1

∑
B2

∑
B3

c2(B1, B2, B3) where the sum is taken over all triples
of disjoint balls B1, B2, B3 ∈ Fn+1 such that Bi ⊂ B. We have already seen that,

by construction,
µ(Bi)
rBi

≤ Cα(B), i = 1, 2, 3. Therefore, by (36), and since ΓB is a

Ahlfors regular curve,

c2
1(B) ≤ C(α(B))3

∫ ∫ ∫
(Γ(B))3

c(z1, z2, z3)2dH1(z1)dH1(z2)dH1(z3)

≤ Cα(B)3rB.

Thus,

(37)
∑
B∈B

c2
1(B) =

+∞∑
n=0

∑
B∈Bn

c2
1(B) ≤ C

+∞∑
n=0

∑
B∈Bn

(10−n)2µ(B) ≤ Cµ(E) ≤ CdiamE.

Case 2. B1 = B2 and B3 	= B1.
Then by observation 1 and observation 2, for any choice of points yi ∈ W (Bi), i =
1, 2, 3, there exist points zi ∈ W (Bi), which are obtained by rotating the yi’s, such
that

c(x1, x2, x3) ≤ 200c(z1, z2, z3).
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The rest of the proof is similar to those of the case 1.
By integrating with respect to H1 and then with respect to µ and if we set c2(B1, B2, B3) =∫

B1

∫
B2

∫
B3

c(x1, x2, x3)2dµ(x1)dµ(x2)dµ(x3), we get

(38)

c2(B1, B2, B3) ≤ C

(
Π3

i=1
µ(Bi)
rBi

)∫
W (B1)

∫
W (B2)

∫
W (B3)

c(z1, z2, z3)2dH1(z1)dH1(z2)dH1(z3).

Set c2
2(B) =

∑
B1

∑
B2

∑
B3

c2(B1, B2, B3) where the sum is taken over all triples of
balls of B satisfying B1 = B2 and B3 	= B1. Then, by (38),

c2
2(B) ≤ C(α(B))3

∫ ∫ ∫
(ΓB)3

c(z1, z2, z3)2dH1(z1)dH1(z2)dH1(z3)

≤ Cα(B)3rB.

Thus,

(39)
∑
B∈B

c2
2(B) =

+∞∑
n=0

∑
B∈Bn

c2
2(B) ≤ C

+∞∑
n=0

∑
B∈Bn

(10−n)2µ(B) ≤ Cµ(E) ≤ CdiamE.

Finally, (34), (35), (37) and (39) give c2(µ) ≤ CdiamE and the proof of theorem
45 is complete. �



CHAPTER 4

The Cauchy singular integral operator on Ahlfors regular sets

The main goal of this chapter is to show that the L2-boundedness of the Cauchy
operator on an Ahlfors-regular set in C is closely related to the rectifiability properties
of the set. For the convenience of the reader, we also include an overview of the theory
of Calderón-Zygmund operators and a proof (due to M. Melnikov and J. Verdera) of
the L2-boundedness of the Cauchy operator on Lipschitz graphs. However, for more
details about the material described in this chapter, the reader is urged to consult [17],
[24], [32], [73], [95] and [96] for instance. We should mention that the definitions
of standard kernels, singular integral operators, Calderón-Zygmund operators we will
give may differ from those given in these books.

1. The Hilbert transform

We start with an elementary, but very instructive example of singular integral
operator, namely the Hilbert transform in R. Formally, the Hilbert transform of a
function f is given by

Hf(x) =
1
π

∫ +∞

−∞

f(y)
x − y

dL1(y).

The first problem is the convergence of the integral. For this, assume that f ∈ C1
0(R)

(that is f is a C1 function with compact support). The Hilbert transform of f (in the
principal value sense) is

Hf(x) =
1
π

lim
ε→0

∫
|x−y|>ε

f(y)
x − y

dL1(y)

=:
1
π

p.v.

∫
f(y)
x − y

dL(y).

(p.v. means principal value).

We claim that the limit exists. Indeed, since
∫

|x−y|>ε

1
x − y

dL1(y) = 0, we get (if

we assume that suppf ⊂ [−1, 1])∫
ε<|x−y|≤1

f(y)
x − y

dL1(y) =
∫

ε<|x−y|≤1

f(y) − f(x)
x − y

dL1(y).

Now write∫
ε<|x−y|≤1

f(y) − f(x)
x − y

dL1(y) =
∫

|x−y|≤1

f(y) − f(x)
x − y

dL1(y)−
∫

|x−y|≤ε

f(y) − f(x)
x − y

dL1(y).

Since f is a C1 function, the first integral of the right hand side is finite and the
second one tends to 0 with ε. This completes the proof of the claim.

Note that, if we replace the kernel
1

x − y
by

1
|x − y| , the principal value limit would

H. Pajot: LNM 1799, pp. 55–65, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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fail to exist. Thus, cancellation properties of the kernel play an important role.

Now it is possible to extend the Hilbert transform to L2(R) by means of the
following formula

(∗)Ĥf(ξ) = −if̂(ξ)
ξ

|ξ|
whenever ξ ∈ R

∗. Recall that f̂(ξ) =
∫

e−2iπx.ξf(x)dL1(x) and note that (*) is true
for functions in C1

0(R). From Plancherel’s theorem and the density of functions of
C1

0(R) in L2(R), it follows that H has an unique extension to a bounded operator
from L2(R) to L2(R).

2. Singular integral operators

The study of singular integral operators in higher dimensions was initiated by
A. Zygmund and his student A. P. Calderón. Natural generalizations of the Hilbert
transform in R

n are Riesz transforms:

Rjf(x) = cn

∫
Rn

f(y)
xj − yj

|x − y|n+1 dLn(y)

where cn = Γ
(

n + 1
2

)
π− n+1

2 and Γ is the classical Gamma function.

In their fundamental paper [13], A. Zygmund and A. P. Calderón consider “kernels”
Ω : R

n → R such that
(i) Ω is homogeneous of degree 0, that is Ω(λx) = Ω(x) for any x ∈ R

n, any λ > 0.
(ii)
∫

Sn−1 Ω(y)dy = 0 where Sn−1 is the standard unit sphere of R
n.

(iii) |Ω(y) − Ω(y′)| ≤ ω(|y − y′|) whenever y, y′ are in Sn−1 and where ω is a non

decreasing function such that
∫ 1

0

ω(t)
t

dL1(t) < ∞. A basic example of such a function

ω is ω(t) = tα where α > 0.
Then, they define the family of operators

Tεf(x) =
∫

|x−y|>ε

Ω(y)
|y|n f(y − x)dLn(y)

and they prove that, if p > 1, ||Tεf ||Lp(Rn) ≤ Ap||f ||Lp(Rn) where Ap > 0 does not
depend on ε. From this, they get that the sequence (Tε) tends (with respect to the
Lp topology) to an operator T and that this operator T is bounded on Lp(Rn).
The study of the Hilbert transform involves a lot of methods from complex analysis.
For instance, the proof of M. Riesz of the Lp boundedness of the Hilbert transform is
based on contour integral techniques. By contrast, A. P. Calderón and A. Zygmund in-
troduce real-variable methods, for instance what is now called the Calderón-Zygmund
lemma and the Calderon-Zygmund decomposition (see [95] for these notions and [97]
for an history of these developments).
We now describe what Y. Meyer and R. Coifman call “les nouveaux opérateurs de
Calderón-Zygmund” (see [73]). These operators differ from those considered by A.
Zygmund and A. P. Calderón by the fact that they are not convolution operators.

Given an integer 0 < d ≤ n, a standard kernel with homogeneity d is a function
K : R

n × R
n \ {(x, y), x 	= y} → C such that for some constants δ > 0 and M > 0

and for x 	= y,
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(i) |K(x, y)| ≤ M

|x − y|d ;

(ii) |K(x, y) − K(x′, y)| ≤ M
|x′ − x|δ
|x − y|d+δ

if |x′ − x| <
1
2
|x − y|,

(iii) |K(x, y) − K(x, y′)| ≤ M
|y′ − y|δ

|x − y|d+δ
if |y′ − y| <

1
2
|x − y|.

We say that K is antisymmetric if K(x, y) = −K(y, x) whenever x 	= y. A basic
example of antisymmetric standard kernel is 1

x−y
in R, that is the kernel associated

to the Hilbert transform. Note that, if K is antisymmetric, (iii) follows from (ii). For
simplicity, we will only consider antisymmetric kernels.

Let µ be a positive Radon measure on R
n and let K be an antisymmetric standard

kernel. The singular integral operator T associated to K and applied to µ is defined
formally by

Tf(x) =
∫

f(y)K(x, y)dµ(y).

Remark. By analogy with the Hilbert transform, the integer d in the definition of the
standard kernel K should be seen as the “dimension” of the measure µ. In other words,
a natural setting (see e.g. [28], [29] or [68]) to study a singular integral operator
associated to a kernel K and applied to a measure µ is when K is d-homogeneous and
µ is Ahlfors regular with dimension d, that is there exists C0 > 0 such that

C−1
0 Rd ≤ µ(B(x, R)) ≤ C0R

d

whenever x ∈ Suppµ, R ∈ (0, diam(Supp)µ).

Like for the Hilbert transform, we define the truncated singular integral operator
Tε by

Tεf(x) =
∫

|x−y|>ε

f(y)K(x, y)dµ(y).

We say that T is bounded on Lp(µ) if the operators Tε are bounded on Lp(µ)
uniformly on ε > 0.

Digression: The previous definition is very convenient because it allows us to speak
about the Lp boundedness to T without giving a precise sense of T ! In most cases, it
is impossible to define the singular integral operator in the principal value sense like
for the Hilbert transform. Another way consists in using the theory of distributions.
Following R. Coifman and Y. Meyer [73], a singular integral operator T associated
to an antisymmetric standard kernel K is a bounded linear operator from C∞

0 (Rn) to
its dual given by

< Tf, g >=
1
2

∫ ∫
K(x, y)[f(y)g(x) − f(x)g(y)]dµ(x)dµ(y).

Note that the singularity of the kernel K for x = y is killed by the estimate |f(y)g(x)−
g(y)f(x)| ≤ C|x − y| (where C depends on f and g).
A Calderón-Zygmund operator is a singular integral operator which can be extended
to a bounded operator of L2(µ). We denote by ||T ||CZ its norm as such operator. More
generally, we say that T is bounded on Lp(µ) if T extends to a bounded operator on
Lp(µ). Anyway, if µ is not atomic, this definition of Lp boundedness of T is equivalent
to the uniform Lp boundedness of the truncated operators Tε (see e.g. [24]).
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For more details about the relationship between the existence of singular integral
operators and the geometry of measures or sets, see the recent survey [68].

3. The Hardy-Littlewood maximal operator

Let µ be a positive Radon measure in R
n. The Hardy-Littlewood maximal operator

Mµ related to µ is defined by

Mµf(x) = sup
R>0

1
µ(B(x, R))

∫
B(x,R)

|f(y)|dµ(y).

The Hardy-Littlewood maximal operator is not of course a singular integral operator,
but is a very useful tool in the Calderón-Zygmund theory. We will illustrate this by
giving a version of Cotlar inequality at the end of this section.

Theorem 46. Let µ be a doubling positive Radon measure in R
n. Then, Mµ is

bounded on Lp(µ) for all 1 < p < ∞ and is of weak type (1, 1).

Recall that an operator T is of weak type (1, 1) (with respect to a positive Radon
measure µ) if for all f ∈ L1(µ) and all λ > 0,

µ({x ∈ R
n; |Tf(x)| > λ}) ≤ C

||f ||L1(µ)

λ
.

Proof. The proof is very instructive, since it shows why the notion of doubling
measure is very convenient (but not necessary) to do analysis.
We first recall a basic covering theorem (see [54] page 2).

Theorem 47. Let F be a family of balls in a metric space X such that supB∈F diamB <
+∞. Then, there exists a subfamily G of F such that
- The balls of G are pairwise disjoint;
-
⋃

B∈F B ⊂ ⋃B∈G 5B, where 5B is the ball with the same center as B but whose
diameter is 5diamB.

Fix t > 0. For each x ∈ {y ∈ R
n; Mµf(y) > t}, there exists R = R(x)

such that
∫

B(x,R)
|f(y)|dµ(y) > tµ(B(x, R)). By the previous covering theorem, there

exists a countable family of pairwise disjoint balls B(x, R(x)), x ∈ G, such that
{y ∈ R

n; Mµf(y) > t} ⊂ ⋃x∈G B(x, 5R(x)).
From this, we get

µ({y ∈ R
n; Mµf(y) > t}) ≤

∑
x∈G

µ(B(x, 5R(x))

≤ C
∑
x∈G

µ(B(x, R(x)) (since µ is doubling)

≤ C

t

∑
x∈G

∫
B

|f(y)|dµ(y) (by definition of R(x))

≤ C

t

∫
|f(y)|dµ(y) (since the balls B(x, R(x)) are disjoint)

The Lp boundedness of Mµ follows from the weak (1, 1) boundedness and the
following observations:
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{Mµf > t} ⊂ {Mµ(f.χE) >
t

2
}, where E = {f >

t

2
}∫

|Mµf |pdµ = p

∫ +∞

0
tp−1µ(Mµf > t)dt.

The last equality is usually called “Layer cake representation” (see [57]).
Note that this proof works also in a metric space (X, d) which carries a doubling
measure µ (see [54] for details). �

Let T be a Calderón-Zygmund operator in the sense of the digression of the pre-
vious section (applied to µ = Ln). Define T ∗f(x) = supε>0 |Tεf(x)|. Then, for every
x ∈ R

n,
T ∗f(x) ≤ C(M(Tf)(x) + ||T ||CZMf(x))

where M is the maximal operator associated to µ = Ln. In particular, this implies
that the operator T ∗ is bounded on L2(Rn).
See [52] for more details and other versions of the Cotlar inequality.

4. The Calderón-Zygmund theory

We say that the singular integral operator T is of weak type (1, 1) (with respect
to a positive Radon measure µ) if there exists C > 0 such that for all f ∈ L1(µ), all
λ > 0, all ε > 0,

µ({x ∈ R
n; |Tεf(x)| > λ}) ≤ C

||f ||L1(µ)

λ
.

A very important fact in the theory of singular integral operators as developed by
A. Calderón and A. Zygmund is the following result.

Theorem 48 (Calderón-Zygmund). If µ is a doubling measure and if T is a
singular integral operator on R

n which is bounded on L2(µ), then T is bounded on
Lp(µ) for p ∈ (1, +∞) and is of weak type (1, 1).

Therefore, one important problem concerning singular integral operators is to
study their L2 boundedness. We will see in the next section two powerful criteria due
to G. David, J. L. Journé and S. Semmes.

Before, we should mention that Calderón-Zygmund theory has a lot of applica-
tions to partial differential equations, potential theory and complex analysis (see for
instance the talks given at the ICM by C. Fefferman [39], A. P. Calderón [12], Y.
Meyer [74] and G. David [23]) and has also two more surprising applications:
- The resolution of the Beltrami equation for quasi-conformal mappings [3].
- The Atiyah-Singer index theorem [5].

5. The T1 and the Tb theorems

Let µ be a doubling positive Radon measure on R
n. We say that f ∈ BMO(µ) if

||f ||BMO(µ) = sup
B⊂C balls

1
µ(B)

∫
B

|f − fB|dµ < +∞

where fB =
1

µ(B)

∫
B

fdµ. Then, ||f ||BMO(µ) is a semi-norm on BMO(µ), but is

a norm on BMO(µ)/{constantfunctions} (that we call also BMO(µ)). Note that
L∞(µ) ⊂ BMO(µ).
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Theorem 49 (T1 Theorem of David-Journé). Let µ be a doubling positive Radon
measure on R

n with polynomial growth and let T be a singular integral operator (as-
sociated to an antisymmetric standard kernel). Then, T1 belongs to BMO(µ) if and
only if T is bounded on L2(µ).

Comments.
1) Recall that µ has polynomial growth if there exist d > 0 and C > 0 such that
µ(B(x, r)) ≤ Crd whenever x ∈ R

n, r > 0. G. David [22] proved that the polynomial
growth of µ is necessary for the L2 boundedness of singular integral operators asso-
ciated to kernels which satisfy |K(x, y)| ≥ C|x − y|−d, like for instance the Hilbert
transform. Thus, this hypothesis is quite natural.
2) What is the meaning of T (1) ? One way consists to use the theory of distributions.
Given a bounded continuous function b (for instance, the constant function equal to
1) Tb is a continuous linear form defined on the space of functions g ∈ C∞

0 (Rn) with∫
g = 0. More precisely, given g ∈ C∞

0 (Rn), write b = b1 + b2 where b1 ∈ C∞
0 (Rn) and

b2 is zero in a neighborhood of Suppg. Then, Tb is the distribution given by

< Tb, g >=< Tb1, g > +
∫ ∫

[K(x, y) − K(x0, y)]b2(y)g(x)dµ(x)dµ(y)

where x0 is a point of Suppg. Note that this definition does not depend on x0, the
decomposition of b and coincides with the definition of Tb when b ∈ D(Rn).
On the other hand (see [52]), T1 ∈ BMO(µ) if and only if for all balls B in R

n,∫
B

|T (χB)|dµ ≤ Cµ(B).

3) If the kernel of T is not antisymmetric, we should require also that T t1 (where T t

is the transpose of T ) belongs to BMO(µ) and that T is weakly bounded (see [24]
for instance).

A more flexible criterion for the L2 boundedness of singular integral operators is
the T (b) theorem of David-Journé-Semmes.
Here, b : R

n → C is a bounded function such that there exists C > 0 and δ > 0 such
that for every x ∈ R

d, every r > 0, there exists a cube Q with

d(x, Q) ≤ Cr,
r

C
≤ diamQ ≤ r, and

∣∣∣∣ 1
|Q|
∫

Q

b(y)dµ(y)
∣∣∣∣ ≥ δ.

Such a function is called “para-accretive”.

Remark. We will see later that the L2 boundedness of the Cauchy operator CΓ on
Lipschitz graphs can be easily proved by applying the Tb theorem with a natural
choice of b. On the other hand, it is hard to check that the hypothesis of the T1
theorem for CΓ are satisfied (except if you know what is the Menger curvature ! see
section 6).

Theorem 50 (Tb theorem of David-Journé-Semmes). Let µ be a doubling positive
Radon measure on R

n with polynomial growth and let T be a singular integral operator
(associated to an antisymmetric standard kernel). If there exists a para-accretive
function b such that Tb belongs to BMO(µ), then T is bounded on L2(µ).

For a nice proof of the T1 and the Tb theorems, see [24].
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We conclude this section with a local version of the Tb theorem due to M. Christ
[18]. Before stating his result, we need a definition. Let E ⊂ R

n be a d-dimensional
Ahlfors-regular set. We have seen that there exists a family ∆(E) of “dyadic squares”
associated to E. A system of functions {bQ, Q ∈ ∆(E)} is pseudo-accretive if there
exists C > 0, ε > 0 such that for every Q ∈ ∆(E), ||bQ||∞ ≤ C and | ∫

Q
bQdHd| ≥

εHd(Q).

Theorem 51. Let E ⊂ R
n be an Ahlfors-regular set with dimension d and let T

be a singular integral operator associated to an antisymmetric kernel and defined with
respect to Hd

�E. Suppose that there exists a pseudo-accretive system (bQ)Q∈∆(E) such
that ||TbQ||∞ ≤ C for any Q ∈ ∆(E). Then, T is bounded on L2(Hd

�E).

This statement can be extended to spaces of homogeneous type (see [18]). If you
compare with the original Tb theorem, the main point is that you have to construct a
function bQ associated to each Q (“what you win”), but you have to check that TbQ

belongs to L∞ instead of BMO (“what you lose”).

Remark. If b is special para-accretive with respect to ∆(E), that is if there exists

δ > 0 such that
∣∣∣∣ 1
H1(Q)

∫
Q

b(y)dH1(y)
∣∣∣∣ ≥ δ for any Q ∈ ∆(E), then (b.χQ) is a

para-accretive system.

6. L2 boundedness of the Cauchy singular operator on Lipschitz graphs

Let Γ be a Lipschitz graph in C, that is Γ is a subset of C of the form

Γ = {x + iA(x), x ∈ R} where A : R → R is Lipschitz.

We set γ(x) = x + iA(x) and let ds be the arc length measure on Γ.
Let f ∈ L2(Γ, ds). The Cauchy integral of f along Γ is given formally by

CΓf(z) =
1

2iπ

∫
Γ

f(ξ)
z − ξ

ds(ξ).

To give a more precise sense of the Cauchy operator on Γ, define a continuous linear
operator on the space of Lipschitz functions on Γ by

< CΓf, g >=
1
2

∫
Γ

∫
Γ

1
x − y

[f(x)g(y) − f(y)g(x)]ds(x)ds(y).

Note that this integral converges since Γ is Ahlfors-regular, and f , g are Lipschitz
functions on Γ. By using the density of Lipschitz functions in L2(Γ, ds), we can easily
extend this operator as an operator on L2(Γ, ds).
Set now F (x) = f(γ(x))(1+A′(x)). Then, ||f ||L2(Γ,ds) is comparable to ||F ||L2(R) and,
for z = γ(x), we have formally

CΓf(z) =
1

2iπ

∫
R

F (y)
x − y + i(A(x) − A(y))

dL1(y).

Define
Cε

Γg(x) =
∫

|y−x|>ε

g(y)
γ(x) − γ(y)

dL1(y).

Then (see [17]), CΓ is bounded on L2(Γ, ds) if and only if Cε
Γ is bounded on L2(R)

uniformly in ε. In this case, we say that the Cauchy operator is bounded on L2(Γ).
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The L2 boundedness of the Cauchy operator on Lipschitz graphs has been conjec-
tured by A. Zygmund and A. P. Calderón in the 60’s. In 1977, A. P. Calderón [11]
solved the problem when the Lipschitz constant of A is small enough. The general
case was solved by R. Coifman, A. MacIntosh and Y. Meyer [69]. There are now a
lot of different proofs of this famous theorem (see, for instance, [18], [20], [22], [49],
[76]. The proof that we present is due to M. Melnikov and J. Verdera [72]. First,
recall that Γ satisfies the local curvature condition (see theorem 30).

Note that, by the T1 theorem, it is enough to prove that, for any interval I ⊂ R,∫
I

|Cε
Γ(χI(x))|2dL1(x) ≤ C|I|

where C > 0 does not depend on I and where |I| denotes the length of I.

But, ∫
I

|Cε
Γ(χI(x))|2dL1(x) =

∫
I

Cε
Γ(χI(x))Cε

Γ(χI(x))dL1(x)

=
∫

I

∫
Iε

∫
Iε

dL1(x)dL1(y)dL1(z)
(γ(y) − γ(x))(γ(z) − γ(x))

where Iε(x) = {t ∈ I; |t − x| > ε}.

We now symmetrize the domain by considering

Sε = {(x, y, z) ∈ I3; |x − y| > ε, |x − z| > ε, |y − z| > ε}.

Thus, we get∫
I

|Cε
Γ(χI(x))|2dL1(x) =

∫ ∫ ∫
Sε

dL1(x)dL1(y)dL1(x)
(γ(y) − γ(x))(γ(z) − γ(x))

+ O(|I|).

See the proof of (40) below for more details about this estimate.

By permutating the position of the three variables in the integral of the right hand
side (recall (16)) and by (13), we get∫

I

|Cε
Γ(χI(x))|2dL1(x) ≤ C

∫ ∫ ∫
Sε

c(γ(x), γ(y), γ(z))2dL1(x)dL1(y)dL1(z) + O(|I|).

Theorem 30 yields ∫
I

|Cε
Γ(χI(x))2|dL1(x) ≤ C|I|,

and we conclude by using the T1 theorem.

Remarks.
1) The L2-boundedness of the Cauchy operator on Lipschitz graphs can be easily
proved by using the Tb theorem with b(x) = 1 + iA′(x). To see this, note that b is
defined almost everywhere on R (by the Rademacher theorem), b is para-accretive
since Re(b) ≥ 1 (such a function is usually called accretive), and∫

b(y)
γ(x) − γ(y)

dL1(y) = 0.



7. CAUCHY SINGULAR OPERATOR AND RECTIFIABILITY 63

2) A classical result of I. Privalov [92] (see also [33] page 244) says that, except a set

of zero measure, the Cauchy integral f(z) =
∫

Γ

φ(ξ)
ξ − z

dξ (where Γ is a rectifiable Jor-

dan curve) has a non tangential limit at z0 if and only if the Cauchy singular operator
CΓ exists at z0 in the principal value sense. If Γ is a Lipschitz graph (or equivalently
a Lipschitz curve), the L2-boundedness of the Cauchy operator on Γ implies that

p.v.

∫
Γ

φ(ξ)
ξ − z

dξ exists almost everywhere for φ ∈ L2(Γ, ds) (see the nice discussion in

[106]).

3) The L2 boundedness of the Cauchy operator on Lipschitz graphs has a lot of ap-
plications to partial differential equations on non smooth domains (see [55]).

4) If Γ is a line, the L2 boundedness of the Cauchy operator on Γ follows from
Plancherel formula (see the section about the Hilbert transform). If Γ is a (gen-
eral) Lipschitz graph, then Γ looks like a straight line at most places at most scales.
This can be stated in terms of beta numbers (see theorem 18). The proof of the L2

boundedness of the Cauchy operator on Lipschitz graphs given by P. Jones in [49]
uses these two observations.

7. Cauchy singular operator and rectifiability

Let E ⊂ C be an Ahlfors-regular set with dimension 1. As previously, we define
the truncated Cauchy operator by

Cε
Ef(x) =

∫
|y−x|>ε

f(y)
y − x + i(y − x)

dµ(y),

where µ is the restriction of the one dimensional Hausdorff measure to E.
In this section, we discuss the following problem: under which conditions is the Cauchy
operator CE bounded on L2(µ) ? We will see that this question has a nice answer in
terms of rectifiability.

Recall that an Ahlfors-regular set E is said to be uniformly rectifiable if E is
contained in an Ahlfors-regular curve. In the previous chapter (see theorem 39), we
proved that E is uniformly rectifiable if and only if E satisfies the local curvature
condition: ∫

B

∫
B

∫
B

c(x, y, z)2dµ(x)dµ(y)dµ(z) ≤ CdiamB

for any ball B such that E ∩ B 	= ∅.

Theorem 52 ([69]). Let E ⊂ C be a Ahlfors-regular set (with dimension 1).
The following assertions are equivalent
(i) E is uniformly rectifiable.
(ii) CE is bounded on L2(µ).

Proof. The proof of (i) → (ii) is a straightforward modification of the proof
of M. Melnikov and J. Verdera in the case of Lipschitz graphs, by noting that the
properties of Lipschitz graphs that they use are the Ahlfors-regularity and the local
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curvature condition.

For the convenience of the reader, we give some details of the proof.
Since (E, µ) is a space of homogeneous type, we can use the T1 theorem. Therefore,
it is enough to show that ∫

B

|Cε
EχB|2dµ ≤ CdiamB

whenever B is a ball in C.
But, ∫

B

|Cε
EχB(x)|2dµ(x) =

∫
B

Cε
EχB(x)Cε

EχB(x)dµ(x)

=
∫

B

∫
Bε(x)

∫
Bε(x)

1
(y − x)(z − x)

dµ(x)dµ(y)dµ(z),

where Bε(x) = {u ∈ B; |u − x| > ε}.
Consider Sε = {(x, y, z) ∈ B3; |x− y| > ε, |x− z| > ε, |y − z| > ε}. Then, by using the
Ahlfors regularity of µ (see the proof of (40) below), we get∫

B

|Cε
EχB(x)|2dµ(x) =

∫ ∫ ∫
Sε

1
(y − x)(z − x)

dµ(x)dµ(y)dµ(z) + O(diamB)

≤ C

∫ ∫ ∫
Sε

c(x, y, z)2dµ(x)dµ(y)dµ(z) + O(diamB) by (13)

≤ CdiamB by theorem 33

To prove the converse, fix a ball B in C and note that by the L2 boundedness of
the Cauchy operator applied to the constant function f = 1, we get

I =:
∫

(E∩B)

∣∣∣∣∫
(E∩B)\B(z,ε)

1
ξ − z

dH1(ξ)
∣∣∣∣2 dH1(z) ≤ CdiamB.

Write I = I1 + I2 where

I1 =
∫ ∫ ∫

Sε

1
(ζ − z)(ξ − z)

dH1(z)dH1(ζ)dH1(ξ),

I2 =
∫ ∫ ∫

Tε

1
(ζ − z)(ξ − z)

dH1(z)dH1(ζ)dH1(ξ),

Sε = {(z, ζ, ξ) ∈ (E ∩ B)3; |z − ζ| > ε, |z − ξ| > ε, |ζ − ξ| > ε},

Tε = {(z, ζ, ξ) ∈ (E ∩ B)3; |z − ζ| > ε, |z − ξ| > ε, |ζ − ξ| ≤ ε}.

Moreover, by the “magic” formula (13), I1 =
1
6

∫ ∫ ∫
Sε

c(x, ζ, ξ)2dH1(z)dH1(ζ)dH1(ξ)

and therefore, I1 −→ 1
6c

2(µ) when ε −→ 0. Furthermore, we claim that

(40) I2 = O(diamB).

Indeed, write

I2 =
∫ ∫ ∫

Uε

1
(ζ − z)(ξ − z)

dH1(z)dH1(ζ)dH1(ξ)

+
∫ ∫ ∫

Vε

1
(ζ − z)(ξ − z)

dH1(z)dH1(ζ)dH1(ξ)
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where Uε = {(z, ζ, ξ) ∈ (E ∩ B)3; |z − ζ| > ε, ε < |z − ξ| ≤ 2ε, |ζ − ξ| ≤ ε} and
Vε = {(z, ζ, ξ) ∈ (E ∩ B)3; |z − ζ| > ε, |z − ξ| > 2ε, |ζ − ξ| ≤ ε}.
Note that, if (z, ζ, ξ) ∈ Vε, |z − ξ| ≤ 2|z − ζ|.
By using the regularity of E, we easily get∣∣∣∣∣
∫ ∫ ∫

Uε

1
(ζ − z)(ξ − z)

dH1(z)dH1(ζ)dH1(ξ)

∣∣∣∣∣ ≤ CdiamB,∣∣∣∣∣
∫ ∫ ∫

Vε

1
(ζ − z)(ξ − z)

dH1(z)dH1(ζ)dH1(ξ)

∣∣∣∣∣ ≤
∫ ∫ ∫

Vε

2
|z − ξ|2dH1(z)dH1(ζ)dH1(ξ)

≤ CdiamB.

This yields ∫ ∫ ∫
E∩B

c(z, ζ, ξ)2dH1(z)dH1(ζ)dH1(ξ) ≤ CdiamB.

Thus, E satisfies the local curvature condition and hence E is uniformly rectifiable
(by theorem 39). �
Open problem. Let d be an integer with d > 1 and let E ⊂ R

n be a Ahlfors regular
set with dimension d.
Is it true that E is uniformly rectifiable if and only if the singular integral operator
associated to the kernel |x|d−1x is bounded on L2(E, dHd

�E) ? See [28], [29] and [68]
for the definitions and related results. The main problem for extending the method
described above is that it seems impossible to find a Menger type curvature associated
to this kernel (see the discussion in [37]).



CHAPTER 5

Analytic capacity and the Painlevé problem

From our point of view, the history before 1950 of the notion of removability
in complex analysis can be summed up as follows. In 1851, B. Riemann stated his
famous theorem on removable singularities. Later, in 1880, P. Painlevé was interested
in a more general problem and asked for a necessary and sufficient condition for a
compact set E ⊂ C to be removable for bounded analytic functions. In 1947, L.
Ahlfors introduced the notion of analytic capacity and proved that removable sets for
bounded analytic functions are exactly sets with vanishing analytic capacity. In this
chapter, we will go over all these topics.
Most of the proof in this part are taken from [42] where the reader can find more
information about analytic capacity.

1. Removable singularities

Let f : C → C be a function. We say that f has an isolated singularity at z0 ∈ C

if f is analytic in a deleted neighborhood Ω of z0 but is not analytic at z0. In this
case, f has a Laurent expansion at z0 given by

f(z) =
+∞∑

k=−∞
ak(z − z0)k for z ∈ Ω.

Recall that a deleted neighborhood Ω of z0 (also called punctured disc in some books)
is a set of the form Ω = {z ∈ C; 0 < |z − z0| < δ}.

We say that f has an isolated singularity at ∞ if f is analytic outside some
bounded open set. It is clear that f has an isolated singularity at ∞ if and only if

the function z → f

(
1
z

)
has an isolated singularity at 0.

Isolated singularities z0 of f may be classified as follows (we will use the same
notations as above):

The function f has a removable singularity at z0 if there exists a functions g which
is analytic at z0 and such that f(z) = g(z) for z ∈ Ω. Obviously, this is equivalent to
the fact that the Laurent expansion of f at z0 is the power series

f(z) =
+∞∑
k=0

ak(z − z0)k for z ∈ Ω.

For instance, the function z → sin z

z
has a removable singularity at 0.

The point z0 is a pole of order N (N ∈ N) if f can be written as f(z) =
P (z)
Q(z)

for

z ∈ Ω where P and Q are analytic at z0, P (z0) 	= 0, and Q has a zero of order N at

H. Pajot: LNM 1799, pp. 67–79, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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z0. In this case, the Laurent expansion of f at z0 is given by

f(z) =
+∞∑

k=−N

ak(z − z0)k for z ∈ Ω.

Finally, z0 is an essential singularity if z0 is neither a removable singularity nor a
pole.

Theorem 53 (Riemann’s principle for removable singularities). If f has an iso-
lated singularity at z0 and if f is bounded near z0, then f has a removable singularity
at z0.

See [82] for very interesting historical remarks about this result.

Proof. Consider the Laurent expansion of f at z0

f(z) =
+∞∑

k=−∞
ak(z − z0)k for z ∈ Ω.

By the Cauchy integral formula, the coefficients an are given (for r small enough)
by

an =
1

2iπ

∫
∂D(z0,r)

f(z)
(z − z0)n+1 dz.

Since f is bounded near z0, there exist r > 0 and M ≥ 0 such that |f(z)| ≤ M for

z ∈ ∂D(z0, r). Thus, |an| ≤ 1
2π

M

rn+1 2πr =
M

rn
. For n < 0, limr→0

M

rn
= 0, hence

an = 0. �
This raises to the more general problem of determining (compact) sets of the com-

plex plane which share with singletons the property of being removable singularities
for bounded analytic functions.

2. The Painlevé Problem

Let E ⊂ C be a compact set. We say that E is removable for bounded analytic
functions if, whenever U is an open set containing E, every bounded analytic function
f : U \ E → C has an analytic extension to U .
Example: It follows from Riemann’s theorem for removable singularities that every
singleton {z0} is removable.

The classical Painlevé problem consists in giving a geometric/metric characteriza-
tion of such removable sets.

To study this problem, L. Ahlfors [1] defined the analytic capacity γ(E) of E by

γ(E) = sup{|f ′(∞)|, f : C \ E → C is analytic, ||f ||∞ ≤ 1}
where f ′(∞) = limz→∞ z(f(z) − f(∞)).
See [16] for an account of the work of L. Ahlfors related to the Painlevé problem.
Since f is analytic and bounded outside a compact set, by the discussion of the
previous section, its Laurent series at ∞ can be written as

f(z) = a0 +
a1

z
+ .......... +

ak

zk
+ ....
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and therefore, a1 = f ′(∞). This implies that f ′(∞) =
1

2iπ

∫
Γ
f(z)dz where Γ is any

curve in C separating E and ∞. Roughly speaking, γ(E) measures the size of the
unit ball of the space of bounded analytic functions outside E.

By considering g(z) =
f(z) − f(∞)
1 − f(∞)f(z)

, it is not difficult to see that we can restrict in

the definition of analytic capacity to functions vanishing at ∞ (for this, recall that, if

α ∈ D(0, 1), the Möbius transformation Mα(z) =
z − α

1 − αz
is an analytic automorphism

of the unit disk).
The analytic capacity satisfies the following basic properties.
(i) If E, F are compact sets in C with E ⊂ F then γ(E) ≤ γ(F ).
(ii) Let a, b ∈ C. If E is a compact in C, then γ(aE + b) = |a|γ(E).

There exists an extremal function for the analytic capacity, that is there exists
a bounded analytic function f : C \ E → C with ||f ||∞ ≤ 1 such that f(∞) = 0
and f ′(∞) = γ(E). This can be seen by using a normal family argument involving
Montel’s theorem (see for instance the discussion in [40] pages 306-309). It turns out
that this extremal function is unique and is called the Ahlfors function of E. If E
has n components, more can be said. For instance, the Ahlfors function f is analytic
across ∂Ω (where Ω = C \ E) and is equal to 1 on ∂Ω (if ∂Ω is smooth). Moreover, f
has n zeros on Ω (see [1], [42]).

If µ is a finite complex measure supported on E, then its Cauchy transform Cµ

defined by

Cµ(z) =
∫

dµ(ξ)
ξ − z

( for z /∈ E)

is analytic outside E. To see this, prove that ∂f = πµ in the sense of distribution

where ∂f =
1
2

(
∂f

∂x
+ i

∂f

∂y

)
. Moreover, Cµ(∞) = 0 and C ′

µ(∞) = −
∫

dµ. This

motivates the introduction of an other “analytic capacity”:

γ+(E) = sup{||µ||; µ is a positive Radon measure supported on E such that ||Cµ||∞ ≤ 1}
(Here, ||µ|| denotes the total mass of µ. In other words, ||µ|| = µ(C)).
By the previous remark, γ+(E) ≤ γ(E) for every compact set E ⊂ C. We will see
in the last chapter that the converse holds, that is, there exists C ≥ 1 such that
γ(E) ≤ Cγ+(E) for every compact set E ⊂ C. This solves a lot of problems concern-
ing analytic capacity (see again the last chapter).

Remark. For general sets E ⊂ C, it is not true that any bounded analytic function
f : C \ E → C is the Cauchy transform of a complex measure µ supported on E (see
the discussion in chapter III of [42]). However, we will see later that it is always true
if the 1-dimensional Hausdorff measure of E is finite (see chapter 6).

Proposition 54. Let E ⊂ C be a compact set. The following assertions are
equivalent.
(i) γ(E) = 0;
(ii) Every bounded analytic function f : C \ E → C is constant;
(iii) E is removable for bounded analytic functions.
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Proof. It is clear that (ii) implies (i). Conversely, assume that (ii) fails. Then,
there exists a bounded analytic function f : C \E → C with f(∞) = 0 and f(z0) 	= 0
for some z0 ∈ C \ E. Consider

(41) g(z) =


f(z) − f(z0)

z − z0
if z 	= z0 and z ∈ C \ E

f ′(z0) if z = z0.

It is not difficult to see that g is bounded and analytic in C \ E and satisfies g′(∞) =
f(z0) 	= 0. Thus, γ(E) > 0.

The fact that (iii) implies (ii) follows from Liouville’s theorem. On the other
hand, assume that E satisfies (ii). We claim that E is totally disconnected. If not,
the Riemann mapping theorem applied to C \ E0 where E0 is one component of E
produces a non constant bounded analytic function (see the next section for more
details). Consider now an open set U containing E and a bounded analytic function
f in U \ E. Fix z0 in U \ E. Since E is totally disconnected, we can find two disjoint
smooth Jordan curves Γ1 and Γ2 in U both surrounding E such that z0 is inside Γ1

and outside Γ2. By the Cauchy integral formula,

f(z) =
1

2iπ

∫
Γ1

f(z)
z − z0

dz − 1
2iπ

∫
Γ2

f(z)
z − z0

dz.

We set, for j = 1, 2,

fj(z) =
1

2iπ

∫
Γj

f(z)
z − z0

dz.

Note that these formulas can be used to define f1 for z ∈ U and f2 for z ∈ C \ E
since they do not depend on the choice of Γ1 and Γ2. It is clear that f2 is bounded
analytic in C \ E. Thus, by hypothesis, f2 is constant. But, f2(∞) = 0. Hence, f2

is identically equal to 0 in C \ E. Moreover, f1 is analytic in U . Therefore, f1 is an
analytic extension of f to U (since f(z) = f1(z) + f2(z) = f1(z) for every z ∈ U). �

The proposition above does not provide a geometric characterization of removable
sets. Moreover, the study of the analytic capacity is not so easy. For instance, it was
a longstanding open problem to determine if γ is semi-additive, that is if there exists
C > 0 such that γ(E ∪F ) ≤ C(γ(E)+γ(F )) whenever E and F are disjoint compact
sets in C (see the last chapter for a solution).

Remark. Analytic capacity plays an important role in the theory of rational approxi-
mation. For instance, let E be a compact set in C. Let R(E) be the algebra of func-
tions f which can be uniformly approximated on E by rational functions with poles
off E and let C(E) be the space of continuous functions on E . Then, C(E) = R(E)
if and only if γ(D \ E) = r for each disc D of radius r. For more details, see the nice
survey [104] and the references therein.

3. Some examples

In this section, we will describe two useful methods to estimate the analytic ca-
pacity. The first one uses the theory of conformal mappings. The second one consists
in exhibiting an appropriate measure µ supported on the set E such that the Cauchy

transform
1
z

∗ µ is bounded outside E.
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3.1. Continua in the complex plane. In this part, we will prove that the
analytic capacity of a (non degenerate) continuum of the complex plane is not zero.
More precisely, we have

Theorem 55. Let E be a non degenerate continuum of the complex plane C.

Then, γ(E) ≥ 1
4
diamE.

Recall that a non degenerate continuum of C is a compact connected set which is
not a point. The proof is based on the Riemann mapping theorem and some distortion
results for analytic functions (namely the Schwarz lemma and the one-quarter Koebe
theorem). We first state these very important results.

Denote by S∞ = C ∪ {∞} the Riemann sphere. A region Ω ⊂ C is simply
connected if its complement in S∞ is connected. We follow the terminology of [2].

Theorem 56 (Riemann Mapping Theorem). Let Ω ⊂ C be a simply connected
region which is not a point and the whole plane, and let z0 be a point in Ω. Then,
there exists a unique analytic function f in Ω normalized by the condition f(z0) = 0
and f ′(z0) > 0 such that f defines a one-to-one mapping of Ω onto the unit disk
D(0, 1) = {w ∈ C; |w| < 1}.

Note that the Riemann mapping theorem can be extended to functions defined
on the Riemann Sphere by the use of Möbius transformations (see [40] pages 294-297).

Theorem 57 (Schwarz Lemma). If f is analytic in the unit disk D(0, 1) = {z ∈
C; |z| < 1} and satisfies the conditions
(i) |f(z)| ≤1 for every z ∈ D(0, 1);
(ii) f(0) = 0,
Then, |f(z)| ≤ |z| for every z ∈ D(0, 1), and |f ′(0)| ≤ 1. Moreover, if |f(z)| = |z| for
some z ∈ D(0, 1) or if |f ′(0)| = 1, then there exists θ ∈ R such that f(z) = eiθz for
every z ∈ D(0, 1).

The Schwarz lemma follows from the maximum principle. For a proof, see for
instance [2].

Theorem 58 (Koebe’s One-quarter Theorem). If f is a one-to-one analytic func-
tion on the unit disk D(0, 1) = {z ∈ C; |z| < 1} with f(0) = 0 and f ′(0) = 1, then

f(D(0, 1)) ⊃ D(0,
1
4
).

By considering the function f(z) =
z

(1 − z)2 , you can easily see that the constant

1
4

is sharp. See [93] for a proof and applications to potential theory.

We now prove that γ(E) ≥ 1
4
diamE whenever E is a non degenerate continuum

in C.

Proof. By the Riemann Mapping Theorem, there exists a unique conformal map-
ping g of S∞ \ E onto the unit disk such that g(∞) = 0 and g′(∞) > 0. We claim
that g′(∞) = γ(E) (in other words, g is the Ahlfors function of E). To see this, first
note that, by definition of the analytic capacity, g′(∞) ≤ γ(E). On the other hand,
consider an analytic function f : C \ E → C such that ||f ||∞ ≤ 1 and f(∞) = 0.
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Then, F = f ◦g−1 satisfies the hypothesis of the Schwarz lemma and thus, |F ′(0)| ≤ 1.

But, since F ′(0) =
f ′(∞)
g′(∞)

, we get γ(E) ≤ g′(∞), thus g′(∞) = γ(E).

Let z0 ∈ E and consider f(w) =
γ(E)

g−1(w) − z0
for w ∈ D(0, 1). Then, f is univalent

and satisfies f(0) = 0, f ′(0) = 1. Thus, by the Koebe’s theorem, f(D(0, 1)) ⊃
D(0,

1
4
). Hence, (∗)

γ(E)
|z − z0| ≥ 1

4
whenever z ∈ E. Indeed, if

γ(E)
|z − z0| <

1
4

for

some z ∈ E, then
γ(E)
z − z0

∈ f(D(0, 1)), that is there exists w ∈ D(0, 1) such that

γ(E)
z − z0

=
γ(E)

g−1(w) − z0
. This implies that z = g−1(w) which is impossible since z ∈ E

and g is defined on S∞ \ E. From (∗), we get γ(E) ≥ 1
4
diamE. �

We proved that, if E is connected, γ(E) = g′(∞) where g is the unique confor-
mal mapping with the normalization g(∞) = 0 and g′(∞) > 0. We now give two
applications of this result.

Proposition 59. γ(D(z, r)) = r whenever z ∈ C and r > 0.

This implies that, if E ⊂ C is a compact set, γ(E) ≤ diamE since E is contained
in a disk of radius diamE. We left the proof of the proposition to the reader as an
easy exercise.

Proposition 60. If I ⊂ R is an interval, then γ(I) =
1
4
L1(I) (where L1 denotes

the 1-dimensional Lebesgue measure).

Proof. We first consider the case of I = [−2, 2]. For this, define G(z) = z +
1
z
.

Then, G : D(0, 1) → S∞ \ E is analytic, one-to-one and satisfies G(0) = ∞. Consider
now g = G−1. Thus, γ(E) = g′(∞) = 1.
If I = [a, b] where a, b ∈ R with a < b, then

γ(I) = γ

(
b − a

4
[−2, 2] +

(
a + b

2

))
=

b − a

4
γ([−2, 2]) =

b − a

4
=

1
4
L1(I).

�

3.2. Analytic capacity of subsets of the real line. We have seen in the

previous section that γ(I) =
1
4
L1(I) if I ⊂ R is an interval. In this part, we will prove

that this equality is true for every subset of the real line.

Theorem 61. Let E ⊂ R. Then, γ(E) =
1
4
L1(E).

Remark. The previous theorem improves a result of L. Ahlfors and A. Beurling [4]
who have observed that if E ⊂ R,

L1(E)
4

≤ γ(E) ≤ L1(E)
π

.

Proof. We first give a theorem of Pommerenke which is a consequence of the
fact that the Ahlfors function of a n-connected domain is a n-covering map.
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Theorem 62. Let E1, E2,........, En be pairwise disjoint connected domains in C.
Then, γ (∪n

i=1Ei) ≤ γ (E1 + ...... + En) .

Assume first that E ⊂ R is a finite union of pairwise disjoint intervals E1, ......, En.
Then, E1 + ........ + En is an interval of length L1(E) and therefore, by Pommerenke’s

result, γ(E) ≤ 1
4
L1(E). The general case follows by approximating a compact set

E ⊂ R by finite unions of disjoint intervals.

Conversely, let E be a compact set of the real line and consider f(z) =
1
2

∫
E

dt

t − z

for z /∈ E. Then, f(∞) = 0 and f ′(∞) = −L1(E)
2

.
Easy computations show that

|Im f(z)| =
|y|
2

∫
E

dt

(t − x)2 + y2 ≤ 1
2

∫ +∞

−∞

du

1 + u2 =
π

2
.

Thus, Re ef(z) > 0. Therefore, the function F (z) =
1 − ef(z)

1 + ef(z) satisfies |F (z)| ≤ 1 and

its Laurent expansion is of the form

F (z) =
L1(E)

4z
+

a2

z2 + ........

Hence, γ(E) ≥ L1(E)
4

. �

3.3. Analytic capacity and area. In this part, we will prove that a compact
set E ⊂ C with non zero area is not removable for bounded analytic functions. More
precisely, we have

Theorem 63. Let E ⊂ C with finite area. Then, γ(E) ≥ 1
2

√
Area E

π
.

Remark. If E ⊂ C is analytic, then the previous estimate can be improved by

γ(E) ≥
√

Area E

π
and it is sharp for a disc (see [42]).

Proof. Consider F (z) =
∫ ∫

E

dw1dw2

w − z
where w = w1 + iw2. Then, F is analytic

outside E, limz→∞ F (z) = 0 and limz→∞ zF (z) = −Area E.
Write now the Laurent expansion of F at ∞:

F (z) =
−Area E

z
+

a2

z2 + .......

Consider the disc ∆ = D(z, R) where R is given by the relation πR2 = Area E.
Then,

|F (z)| ≤
∫ ∫

E

dw1dw2

|w − z| ≤
∫ ∫

E∩∆

dw1dw2

|w − z| +
∫ ∫

E\∆

dw1dw2

|w − z| .

It is not difficult to see that∫ ∫
E\∆

dw1dw2

|w − z| ≤
∫ ∫

∆\E

dw1dw2

|w − z| .
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Thus, F (z) ≤
∫ ∫

∆

dw1dw2

|w − z| = 2πR. Consider g(z) =
f(z)
2πR

for z /∈ E. By the previous

computations, ||g||∞ ≤ 1, g(∞) = 0 and |g′(∞)| =
Area E

2πR
=

R

2
=

1
2

√
AreaE

π
.

Hence, γ(E) ≥ 1
2

√
Area E

π
.

�

4. Analytic capacity and metric size of sets

We now come back to the Painlevé problem. The examples we have seen in the
previous section indicate that the metric size of the set should play a role. It turns
out that this intuition can be expressed in terms of Hausdorff measure and Hausdorff
dimension.

Theorem 64. Let E be a compact of the complex plane C.

(A) If H1(E) = 0, then γ(E) = 0.

(B) If dimH(E) > 1, then γ(E) > 0.

Here, H1 denotes the 1-dimensional Hausdorff measure, and dimHE is the Haus-
dorff dimension of E (see the first chapter).

Proof. (A) Let ε > 0. Since H1(E) = 0, the set E can be covered by balls such
that the sum of diameters of these balls is less than ε. Hence, we can surround E by
a finite collection of C1 curves Γi such that

∑
i l(Γj) ≤ 2πε. Let f : C \ E → C be a

bounded analytic function. Assume that f(∞) = 0. Therefore, for any z outside the
domain bounded by the curves Γj, the Cauchy integral formula yields

f(z) =
1
2π

∑
j

∫
Γj

f(ξ)
ξ − z

dξ.

Thus,

|f ′(∞)| =
1
2π

∣∣∣∣∣∑
j

∫
Γj

f(ξ)dξ

∣∣∣∣∣ ≤ 1
2π

||f ||∞
∑

j

l(Γj) ≤ ε||f ||∞.

By taking ε → 0, we get γ(E) = 0.

Remark. Let E be a compact set in C. We define its Painlevé length by

PL(E) = inf l(∂V )

where the infimum is taken over open sets V ⊃ E such that ∂V consists of finitely
many analytic Jordan curves surrounding E (here l(∂V ) is the usual length). Then,

a slight modification of our argument above shows that γ(E) ≤ PL(E)
2π

(see [42]).

(B) Fix d so that 1 < d < dimHE. Then, Hd(E) = +∞.
By Frostman Lemma, there exists a finite positive Radon measure µ supported on E
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such that µ(B(z, r)) ≤ rd whenever z ∈ C and r > 0. Consider f =
1
z

∗ µ. We have
seen before that f is analytic outside E. Moreover,

|f(z)| ≤ 1
2π

∫
|ξ−z|≥1

1dµ(ξ) +
∑

j

1
2π

∫
2−j−1<|ξ−z|≤2−j

|z − ξ|−1dµ(ξ)

≤ 1
2π

+
1
2π

∞∑
j=0

2j+1µ(B(z, 2−j))

≤ C

(
1 +

+∞∑
j=0

2j2−jd

)
< ∞.

Therefore, f is bounded outside E and f ′(∞) = −µ(C) 	= 0. Thus, γ(E) > 0.
�

We will see in the next section that there exist compact sets E in C such that
H1(E) > 0 but γ(E) = 0.
Remark. In fact, a purely metric characterization of removable sets for bounded ana-
lytic functions (that is only in terms of Hausdorff measures or Hausdorff dimension)
is impossible. See the discussion in [15].

5. Garnett-Ivanov’s counterexample

Let E ⊂ C be the linear four corner Cantor set as described before proposition
7. Recall that E = ∩∞

j=0En where En is the union of 4n squares denoted by Qj
n,

j = 1, 2, ..., n whose side length is 4−n. We have seen that H1(E) > 0.

Theorem 65. Let E be the linear four corners Cantor set. Then, γ(E) > 0

The original proof is due independently to J. Garnett [43] and L. Ivanov. Here,
we present the proof of P. Jones [49] (as described in [17]). See also [76] for an other
proof.
The first example of removable compact set (in the plane) but with non zero length
is due to A. G. Vitushkin (see for instance [42] for a description of this set).

Proof. P. Jones’argument is based on some estimates of the harmonic measure
which we first recall.
Fix z ∈ C \ E such that d(z, E) ≤ 1. Let n ∈ N such that C−14−n ≤ d(z, E) ≤ C4−n

and let Q(z) ∈ En such that C−14−n ≤ d(z, Q(z)) ≤ C4−n.
We denote by ωz the harmonic measure relative to z and G(z, .) is the Green’s function
for C with pole at z (see [93] for definitions)).

Lemma 66. There exists C > 0 such that
(i) C−1 ≤ ωz(Q(z)) ≤ C;

(ii) If d(z, E) ≤ 1
2
d(ξ, E) ≤ 1, then C−1G(z, ξ) ≤ ωξ(Q(z)) ≤ CG(z, ξ).

See [17] for a proof.
Consider now f : C\E → C a bounded analytic function and ξ ∈ C\E. The Green’s
formula gives (see again [17] for details)

(42)
1
2

∫
E

|f(z) − f(ξ)|2dωξ(z) =
∫

C\E

|f ′(z)|2G(z, ξ)dL2(z).
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Thus, since f is bounded and ωz is a probability measure, this yields

(∗) sup
ξ∈C\E

∫
C\E

|f ′(z)|2G(z, ξ)dL2(z) < ∞.

Remark. The estimate (42) is classical in the theory of BMO functions on the unit disc
(see [44]). By analogy of this case, we will say that an analytic function f : C\E → C

belongs to BMO(C \E) if (*) holds for f (here, E is any compact set in the complex
plane). L. Carleson asked if BMO(C \ E) is trivial if and only if E is removable for
bounded analytic functions. P. Jones’ proof of theorem 65 gives some credence to this
conjecture.

We now go through the proof of the theorem. First, construct circles Cj
n, j =

1, ..., 4n, such that

(i) Cj
n and Qj

n have the same center;
(ii) C4−n ≤ d(Qj

n, C
j
n) ≤ C4n;

(iii) If m ≥ n and Qi
m ⊂ Qj

n, then Cj
n surrounds Ci

m;
(iv) d(Ci

m, Cj
n) ≥ C−14−n if n ≤ m.

Set Aj
n = {z ∈ C; d(z, Cj

n) ≤ ε} where ε > 0 is small enough such that d(Ai
n, A

j
m) ≥

C−14−n if n ≤ m and n 	= m.

Let f : C \ E → C be a bounded analytic function with f(∞) = 0. Our goal is to
show that f(z) = 0 if z ∈ C \ E.
For this, set Dj

n = supz∈Cj
n
4−n|f ′(z)|. Note that, by the mean value theorem,

(Dj
n)2 ≤ C

∫
Aj

n

|f ′(z)|2dL2(z).

Fix now Aj
n and choose ξ /∈ E such that C−14−n ≤ d(ξ, Qj

n) ≤ C4−n and d(ξ, Q) ≥
2d(z, Qj

n) for any z ∈ Aj
n. Therefore, by lemma 66, we get for any Qi

m ⊂ Qj
n,

(Di
m)2ωz(Qi

m) ≤ C

∫
Ai

m

|f ′(z)|2ωz(Qi
m)dL2(z)

≤ C

∫
Ai

m

|f ′(z)|2G(z, ξ)dL2(z).

Thus, since the annuli Ai
m are disjoint,

(∗∗)
∑

Qi
m⊂Qj

n

(Di
m)2ωξ(Qi

m) ≤ C

∫
C\E

|f ′(z)|2G(z, ξ)dL2(z)

≤ K0

where K0 > 0 does not depend on Qj
n ! This follows from (*).

Lemma 67. For every δ > 0, there exists M = M(δ) ∈ N such that for every
n ∈ N, every j = 1, ...., 4n, there exists Qi

m ⊂ Qj
n with m ≤ n + M and Di

m ≤ δ.

Proof. Since d(ξ, Qj
n) is comparable to 4−n, by lemma 66,∑

Qi
m⊂Qj

n

ωξ(Qi
m) = ωξ(Qj

n) ≤ C.
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Assume now that for every m ≤ n + M , every i = 1, ..., 4m, Di
m ≥ δ. Then,∑

Qi
m⊂Qj

n

(Di
m)2ωξ(Qi

m) ≥ Cδ2M >> K0

if M is big enough. This contradicts (**) and the lemma is proved. �

Using this lemma, we can easily construct a finite collection of pairwise disjoint
squares (Qjα

nα
) such that

(i) Djα
nα

≤ δ for any α;
(ii) H1(E \ ∪αQjα

nα
) ≤ δ.

We choose now a finite collection of pairwise disjoint squares (Qiβ
mβ) which are also

disjoint from all the (Qjα
nα

) such that
(i) E ⊂ (

⋃
α Qjα

nα
) ∪ (
⋃

β Q
jβ
mβ);

(ii)
∑

β 4−mβ ≤ Cδ.

This is possible to find such family since H1(E \ ∪αQjα
nα

) ≤ δ.
Fix z ∈ C \ E. By the Cauchy formula, we get

f(z) =
1
2π

∑
α

Iα +
1
2π

∑
β

Iβ

where Iα =
∫

Cjα
nα

f(ξ)
ξ − z

dξ and Iβ =
∫

C
iβ
mβ

f(ξ)
ξ − z

dξ. Choose zα ∈ Cjα
nα

and write

|Iα| =

∣∣∣∣∣
∫

Cjα
nα

f(z) − f(zα)
ξ − z

dξ

∣∣∣∣∣
=

∣∣∣∣∣
∫

Cjα
nα

(
f(z) − f(zα)

z − zα

)(
z − zα

ξ − z

)
dξ

∣∣∣∣∣
≤ C4−2nα sup

z∈Cjα
nα

|f ′(z)|2

≤ C4−nαDjα
nα

≤ Cδ4−nα .

Therefore,
∑

α |Iα| ≤ Cδ
∑

α 4−nα ≤ CδH1(E).
Moreover, |Iβ| ≤ C(z)||f ||∞4−mβ where C(z) = d(z, ∂E). Therefore,∑

β

|Iβ| ≤ C(z)||f ||∞
∑

β

4−mβ

≤ C(z)||f ||∞ δ.

Hence, there exists C > 0 depending only on E and on z such that |f(z)| ≤ Cδ
for any δ > 0. Thus, f(z) = 0.

�

Remark. J. Garnett and S. Yoshinobu [46] have observed that the same proof can
be used to show that, if E is a generalized four corners Cantor set associated to a
sequence (λn) with λn = 4−n(log(n + 1))

1
p for some p > 2, then γ(E) = 0. We will

improve this result in the last chapter.
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6. Who was Painlevé ?

Paul Painlevé was a famous French mathematician, but also a statesman.
He is born in Paris in 1863. Very gifted in literature and in sciences, he was ad-
mitted at the Ecole Normale Supérieure in 1883. Then, he received his agrégation
in mathematics in 1886 and defended his thesis [83] whose subject was the study of
singularities of analytic functions with applications to differential equations in 1887.
The referee of his thesis was E. Picard (the report can be found in [47] page 342) and
the president of the committee was C. Hermitte. P. Painlevé became Associate pro-
fessor at the University of Lille in 1887, and moved in 1892 to Paris where he taught
at the Faculté des Sciences (La Sorbonne), the Ecole Polytechnique, the Collège de
France (1896) and the Ecole Normale Supérieure. He won the Grand Prix des Sci-
ences Mathématiques in 1890 and was elected a member of the geometry section of
the Académie des Sciences in 1900.

P. Painlevé was very interested in the very recent field of aviation: He was
W. Wright’s first French passenger in 1908, was professor at the Ecole Supérieure
d’Aeronautique (1909), wrote with Emile Borel a book entitled “L’Aviation” (Edition
Arcan, 1910) and headed several commissions on aerial navigation.

P. Painlevé entered in politics in 1906 when he was elected to the Chamber of
Deputy from Paris (Quartier Latin). During the first world war, he was involved
in the French political life. In 1914, he created the Service des Inventions pour les
Besoins de la Défense Nationale. Brought into A. Briand’s cabinet in October 1915,
he was given the Education Ministry. In 1917, he was appointed War Minister in A.
Ribot’s new ministry and was Président du Conseil (Prime Minister) from September
1917 to November 1917. He supported the efforts of the army of the Near East in
the hope of detaching Austria-Hungary from the German Alliance (He was a fervent
”Easterner”). He conducted the negotiations with W. Wilson over the sending of
American troops to France. He made the decision to replace General Nivelle with P.
Petain as commander of the Verdun salient and appointed Maréchal Foch as head of
the Allied chiefs of staff before resigning in favor of G. Clemenceau.

In 1920, P. Painlevé was commissioned by the Chinese government to reorganize
the country’s railroads. He led the Ligue de la République from 1921 to 1922 before
joining the Cartel des Gauches (the Left).
He served again as Président du Conseil from April-November 1925 but, like his pre-
decessor E. Herriot, was unable to secure passage of the Cartel’s economic program.
As War Minister (1925-1929), he sponsored the construction of the Ligne Maginot
which was supposed to provide a defense against Germany in the next war (in fact,
this Ligne was never used). He inaugurated the Air Ministry in 1930 serving as its
chief twice until his retirement in 1932.

He died in Paris on 29 October 1933 at the age of 69.

P. Painlevé was interested by problems in pure and applied mathematics: study
of singularities of analytic functions and of singular points of differential equations,
rational transformations of algebraic curves, n-body problem, problems of friction,....
See [84] for an account of his work before 1900.
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One motivation of his thesis [83] was the study of the nature of singularities of single
valued (but also multi valued) analytic functions by using the recent set theory devel-
oped by G. Cantor. For this, he classified disconnected perfect sets E of the complex
plane as follows (compare with the notion of 1-dimensional measure and of Painlevé
length we have seen previously).
Let ε > 0. First, we surround the points of E by finitely many curves α1,..., αp such
that their interiors are disjoint and any curve αi is contained in a disk with radius ε.
Denote by Lε the sum of the perimeters of these curves. The set E is said to be
(i) “ponctuel” if Lε tends to 0 when ε → 0 (for a suitable choice of the αi’s);
(ii) “Semi-linéaire” if (i) does not hold but Lε is bounded when ε → 0 (for a suitable
choice of the αi’s);

(iii) “Semi-superficiel” if Lε tends to ∞ with
1
ε

for any choice of the αi’s.
We follow here the terminology and the presentation given in [84]. Using this notion
of “ponctuel” set, Painlevé stated (without a complete proof) an analog of theorem
64 part (A) (see [83] page 24). This explains partially where the name “Painlevé
Problem” comes from.
It should be noted that a proof of theorem 64 part (A) can be found in [6] without
any mention to Painlevé’s work.



CHAPTER 6

The Denjoy and Vitushkin conjectures

In this chapter, we will give a partial solution to the Painlevé problem. Indeed,
we will prove (at least in the Ahlfors regular case) that, if E ⊂ C is a compact set
with H1(E) < +∞, then γ(E) = 0 if and only if E is purely unrectifiable. We will
also construct a set E ⊂ C with H1(E) = +∞ such that γ(E) > 0 but its projections
in almost all directions have zero length.

1. The statements

The main result of this chapter is

Theorem 68. Let E ⊂ C be a compact set with H1(E) < +∞. Then E is
removable for bounded analytic functions if and only if E is purely 1-unrectifiable.

In the sequel, we will say that E has finite length if H1(E) < +∞. Recall that E is
removable for bounded analytic functions if and only if γ(E) = 0 (where γ(E) denotes
the analytic capacity of E) and that E is purely 1-unrectifiable if H1(E ∩ Γ) = 0 for
every rectifiable curve Γ ⊂ C.

For some historical reasons, we prefer to split the previous theorem into two parts.

Theorem 69. Let E ⊂ C be a subset of a rectifiable curve Γ. Then, γ(E) = 0 if
and only if H1(E) = 0.

The direction ⇐ has already been proved (and is still true, even if the set is
not a subset of a rectifiable curve). The other direction was proved by A. Denjoy.
Unfortunately, there was a gap in A. Denjoy’s argument, it is why this result was
called the Denjoy conjecture. The proof was completed only after the proof by A. P.
Calderon of the L2 boundedness of the Cauchy singular operator on Lipschitz graphs
with small constant [11]. In the second section, we will present the proof of the
Denjoy conjecture given in [17] and sketch an alternative proof using the Garabedian
formula. The first proof is based on a duality argument that we will explain in the
first section. Note that Garabedian formula follows also from a (different) duality
argument. Theorem 69 implies the direct sense of theorem 68. Indeed, if E is not
purely unrectifiable, then there exists a rectifiable curve Γ such that H1(Γ ∩ E) 	= 0.
Hence, by theorem 69, γ(E ∩ Γ) > 0, and thus γ(E) > 0.

Theorem 70. Let E ⊂ C be a compact set with finite length. If γ(E) > 0, then
there exists a rectifiable curve Γ in C such that H1(E ∩ Γ) 	= 0.

Obviously, theorems 69 and 70 give theorem 68.

Let E ⊂ C. Its Favard length (denoted by Fav(E)) is defined by

Fav(E) =
1
π

∫ π

0
H1(Pθ(E))dθ

H. Pajot: LNM 1799, pp. 81–103, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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where Pθ is the projection on the line passing through the origin of C and making an
angle θ with the real axis. We have seen in the first chapter (see theorem 17) that,
if E has finite length, E is purely unrectifiable if and only if Fav(E) = 0. Therefore,
theorem 68 can be restated as follows.

Theorem 68 (revisited). Let E ⊂ C such that H1(E) < +∞. Then, γ(E) = 0 if
and only if Fav(E) = 0.
This result was initially conjectured by A. Vituskhin without assuming that E has
finite length. We will see in the last section of this chapter that there exist compact
sets E ⊂ C with Fav(E) = 0, but γ(E) > 0 (Of course, these sets have infinite length
!). Nevertheless, before the proof of theorem 70 by G. David [26], the result of theo-
rem 68 was usually called the Vitushkin conjecture.

Remarks. 1) In 2000, after a talk I gave at the University of Washington, D. Marshall
told me that W. Hayman was the first to guess that Vitushkin conjecture should be
true for sets with finite length. But, I prefer here to follow the standard terminology.
2) We should emphasize again on that fact that rectifiability properties of sets with
infinite length are not well understood. However, it should be noticed that a version
of theorem 17 in this general setting is given in [81].

Theorem 70 was first proved for Ahlfors regular sets by P. Mattila, M. Melnikov
and J. Verdera [69]. We will present their proof in the third section and explain how
to modify it in the general case. For this, we will use a lot of notions and results we
have seen in the previous chapters.

2. The standard duality argument

Let X be a locally compact Hausdorff space. Denote by C0(X) the space of
continuous functions on X vanishing at infinity and by M(X) the space of complex
finite Radon measures on X. For any bounded linear operator T : M(X) → C0(X),
denote by T ∗ its transpose. Recall that T ∗ : M(X) → C0(X) is such that for ν,
λ ∈ M(X), ∫

(Tν)(x)dλ(x) =
∫

(T ∗λ)(y)dν(y).

Theorem 71. Let X be a locally compact Hausdorff space, µ a positive Radon
measure and T : M(X) → C0(X) a bounded linear operator. Assume that T ∗ is
bounded. The following statements are equivalent.

(i) The operator T ∗ is of weak type (1, 1), that is there exists C1 > 0 such that

µ({x ∈ X; |T ∗ν(x)| > α}) ≤ C1

α
|ν(X)|

whenever α > 0 and ν ∈ M(X).

(ii) There exists C2 > 0 such that for any Borel set E ⊂ X with 0 < µ(E) < +∞,
µ(E) ≤ 2 sup

∫
hdµ, where the supremum is taken over all µ-measurable

functions h : X → [0, 1] supported on E such that |T (hdµ)|(x) ≤ C2 whenever
x ∈ X.
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(iii) There exists C3 > 0 such that for any compact set K ⊂ X, µ(K) ≤ C3 sup
∣∣∣∣∫ dλ

∣∣∣∣
where the supremum is taken over all measures λ supported on K such that
|λ(X)| ≤ µ(K) and |Tλ(x)| ≤ 1 for all x ∈ X.

Proof. We first prove the implication (i) ⇒ (ii) following [17]. For this, assume
that the conclusions of (ii) are false for some E ⊂ X and consider

B0 =
{

f : X → [0, 1]; f = 0 almost everywhere on X \ E,

∫
E

fdµ ≥ µ(E)
2

}
,

B1 = {T (fdµ); f ∈ B0},

B2 = {g ∈ C0(X); ||g||∞ < C2}.

Then, B1 and B2 are two convex disjoint subsets of C0(X) (since (ii) is supposed to
be false). By the Hahn-Banach theorem, there exists l ∈ (C0(X))∗ (where (C0(X))∗

is the dual space of C0(X)) so that Re l(g) < Re l(h) for any g ∈ B2, any h ∈ B1.
By the Riesz representation theorem, there exists a finite Radon measure λ such that

Re
(∫

T (fdµ)dλ

)
> Re

∫
gdλ

for any f ∈ B0, any g ∈ B2.
By maximizing the right hand side, we get, for any f ∈ B0,

(43) Re
(∫

f(T ∗λ)dµ

)
> C2λ(X).

Let α =
3C1λ(X)

µ(E)
. Since T ∗ is of weak type (1, 1) and by choice of α,

µ ({x ∈ X; |T ∗λ(x)| > α}) ≤ C1

α
λ(X) =

µ(E)
3

.

Therefore,

µ({x ∈ E; |T ∗λ(x)| ≤ α}) ≥ 2
3
µ(E).

Hence, we can find a closed subset F of E such that µ(F ) >
1
2
µ(E) and |T ∗λ(x)| ≤ α

for any x ∈ F .
Consider f = χF . Then, f ∈ B0 and∣∣∣∣∫ f(x)(T ∗λ(x))dµ(x)

∣∣∣∣ ≤ αµ(F ) ≤ 3C1λ(X).

This contradicts (43) if C2 = 4C1 and the proof is complete.
The fact that (ii) ⇒ (iii) is obvious. We now prove the implication (iii) ⇒ (i). For
this, set for β > 0 and θ ∈ [0, 2π[, Eβ,θ = {x ∈ X, T ∗ν(x) ∈ D(βeiθ, C−1

3
β
4 )}. By using

a covering of C by discs of the form D(βeiθ, C−1
3

β

4
), we claim that it is enough to prove

µ(Eβ,θ) ≤ C
|ν(X)|

β
. To prove the last estimate, consider a compact set Fβ,θ ⊂ Eβ,θ

such that 2µ(Fβ,θ) ≥ µ(Eβ,θ). By (iii), there exists λ ∈ M(X) supported on Fβ,θ such
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that |λ(X)| ≤ µ(Fβ,θ), |Tλ(x)| ≤ 1 for all x ∈ X and µ(Fβ,θ) ≤ 2C3|
∫

dλ|. Thus,

µ(Fβ,θ) ≤ 2C3β
−1|
∫

Fβ,θ

βeiθdλ|

≤ 2C3β
−1|
∫

Fβ,θ

T ∗(ν)dλ| + 2C3β
−1|
∫

Fβ,θ

(βeiθ − T ∗(ν))dλ|

≤ 2C3β
−1|
∫

T (λ)dν| +
1
2
|λ(X)|

≤ 2C3β
−1|ν(X)| +

1
2
µ(Fβ,θ).

Therefore, µ(Fβ,θ) ≤ 4C3β
−1|ν(X)| and µ(Eβ,θ) ≤ 2µ(Fβ,θ) ≤ 8C3β

−1ν(X).
Fix now α > 0. To conclude, we consider a covering of {z ∈ C; |z| > α} by some sets
Eβ,θ. More precisely,

{x ∈ X; |T ∗ν(x)| > α} ⊂
+∞⋃
n=0

q⋃
k=1

E(1+ 1
4C3

)nα,2π k
q

where q is the integral part of 103 C3. Thus,

µ({x ∈ X; |T ∗ν(x)| > α}) ≤ 8C3|ν(X)|
+∞∑
n=0

q∑
k=1

1
(1 + 1

4C3
)nα

≤ C

α
C3

3 |ν(X)|.
Note that the constants C1, C2 and C3 satisfy A−1C1 ≤ C2 ≤ AC1 and A−1C1 ≤
(C3)3 ≤ AC1 for some constant A > 0. �

As far as I know, this type of duality argument was used for the first time in [103]
(see also [30]).

We now explain briefly why theorem 71 is a useful tool to study analytic capacity.
For this, assume that X is a subset of C and that there exists a positive Radon
measure µ supported on X such that

(i) µ is doubling, that is µ(B(x, 2r)) ≤ Cµ(B(x, r)) whenever x ∈ Suppµ, r ∈
(0, diam( Suppµ));

(ii) The Cauchy operator is bounded on L2(µ).
Then, by theorem 48, the Cauchy operator is of weak type (1, 1). Let now E be
a Borel subset of X such that 0 < µ(E) < +∞. By theorem 71 applied to the
Cauchy operator on (X, µ), up to some technical problems, there exists a function

h : X → [0, 1] supported on E such that 2
∫

hdµ ≥ µ(E) and the Cauchy transform

of hdµ (see chapter 5) is bounded. Thus, γ+(E) ≥ C−1µ(E) for some absolute
constant C > 0 and therefore γ(E) ≥ C−1µ(E).

3. Proof of the Denjoy conjecture

In this section, we will prove that, if E is a subset of a rectifiable curve with
H1(E) > 0, then γ(E) > 0 (theorem 69). For this, we first show that it is enough to
prove theorem 69 in the special case where Γ is a Lipschitz graph. Then, we will use
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the strategy described at the end of the previous section to a Lipschitz graph endowed
with its arc length measure.

Theorem 72. Let E be a subset of a rectifiable curve Γ of C such that H1(E) > 0.
Then, there exists a Lipschitz graph G in C such that H1(E ∩ G) > 0.

Proof. Without loss of generality, we may assume that Γ is (up to some rotation)
the graph of a continuous function g : R → R. To see this, recall that a rectifiable
curve is rectifiable in the sense of geometric measure theory (see chapter 1). Thus,
there exists M0 ∈ E ∩ Γ such that Γ has an approximate tangent line (denoted by
D0) at M0 and θ1(M0, Γ) = θ1(M0, E) = 1 (the last point follows from proposition 9).
Let ε > 0 (to be chosen later) and let R = R(ε) > 0 such that

2(1 − ε)R ≤ H1(B(M0, R) ∩ E) ≤ 2(1 + ε)R
2(1 − ε)R ≤ H1(B(M0, R) ∩ Γ) ≤ 2(1 + ε)R

ε10R ≤ H1(Γ \ C(M0, R, ε, D0)).

The cone C(M0, R, ε, D0) has been defined in the first chapter (section 5). Up to some
rotations and translations, we can assume that D0 is the real line and that M0 is the
origin of the complex plane. For any t ∈ (−R, +R), set Lt = {t+iy; y ∈ R} and let p(t)
be the point of Γ∩Lt which is the closest to t. If two such points exist, take p(t) as the
point located in the upper half plane. By smoothing the set {t+ ip(t); t ∈ (−R, +R)},
we easily get the graph of a continuous function g : (−R, +R) → R which contains
a “big piece” of E (if ε is small enough). Thus, up to some rotation, we can assume
that in the neighborhood of M0, Γ is of the form Γ0 = {x + if(x), x ∈ I} where f is
continuous and of bounded variation on I = [a, b] (since Γ is rectifiable). Recall that
this means that

F = sup

(
N∑

j=1

|f(tj) − f(tj−1)|
)

< +∞

where the supremum is taken over all subdivisions a = t0 < t1 < .... < tN = b of I.

Moreover, I can be chosen such that L1({x ∈ I, x + if(x) ∈ E}) ≥ 9
10

L1(I) (since
the density of E at M0 is 1). Now, we claim that there exists a Lipschitz function

h : I → R such that L1({x ∈ I; h(x) = f(x)}) ≥ 1
10

L1(I) and therefore the Lipschitz
graph G of g satisfies the required properties. Without a loss of generality, we can
assume that f(a) = f(b). Before proving the claim, we recall the well known “Rising
Sun Lemma” due to F. Riesz (see for instance [33], page 232).

Lemma 73. Let φ be a continuous function on a closed interval [c, d] such that
φ(c) = φ(d) and let Λ = {x ∈ [c, d]; there exists ξ ∈ [c, x) such that φ(ξ) < φ(x)}.
Then there exist pairwise disjoint open intervals Ik = (ck, dk), k ∈ K, such that
Λ = ∪k∈KIk and φ(ck) ≤ φ(dk) for any k ∈ K.
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FIGURE 6: The Rising Sun Lemma (in the case φ(c) 	= φ(d))

Remark. In fact, φ(ck) = φ(dk) except perhaps for an index k0 such that d = dk0 .

Set g(x) = f(x)− 4F
b − a

x. By applying the rising sun lemma to g, we get pairwise

disjoint intervals Ik = (ak, bk), k ∈ K, such that
- For any x, y ∈ [a, b] \ ∪kIk with x ≤ y, g(y) ≤ g(x), that is

(44) f(y) − f(x) ≤ 4F
(b − a)

(y − x).

- For any k ∈ K, f(bk) − f(ak) ≥ 4F
b − a

(bk − ak). Thus, by definition of F ,∑
k

L1(Ik) =
∑

k

(bk − ak) ≤ b − a

4F

∑
k

(f(bk) − f(ak)) ≤ b − a

4
.

Set

(45) f̃(x) =

f(x) if x /∈ ∪kIk;

f(aj) +
4F

b − a
(x − aj) if x belongs to some Ij.

Then, L1({x ∈ [a, b], f(x) 	= f̃(x)}) ≤
∑

k

L1(Ik) ≤ b − a

4
=

L1(I)
4

. Moreover, if x,

y ∈ I with x ≤ y, f̃(y) − f̃(x) ≤ 4F
b − a

(y − x). The proof of this estimate is divided

into 4 cases. Set ∆(x, y) = f̃(y) − f̃(x).
Case 1. x, y /∈ ∪kIk.

Then, ∆(x, y) = f(y) − f(x) ≤ 4F
b − a

(y − x) by (44).
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Case 2. x ∈ Ij, y ∈ Ij′ for some j, j′ ∈ K.

Then, if j = j′, ∆(x, y) =
4F

b − a
(y − x). Moreover, if j 	= j′, then ∆(x, y) =

g(aj′) − g(aj) +
4F

b − a
(y − x) ≤ 4F

b − a
(y − x).

Case 3. y /∈ ∪kIk and x ∈ Ij for some j ∈ K.

Then, ∆(x, y) = f(y) − f(aj) − 4F
b − a

(x − aj) ≤ 4F
b − a

(y − x) by (44).

Case 4. y ∈ Ij for some j ∈ K and x /∈ ∪kIk. Then, ∆(x, y) = f(aj) − f(x) +
4F

b − a
(y − aj) ≤ 4F

b − a
(y − x) by (44).

Thus, we get

(46) f̃(y) − f̃(x) ≤ 4F
b − a

(y − x).

Applying now the rising sun lemma to x → −f̃(x) − 4F
b − a

x, we get pairwise

disjoint open intervals Jk = (ck, dk) such that f̃(y) − f̃(x) ≥ −4F
b − a

(y − x) (whenever

x < y with x, y /∈ ∪kJk) and
∑

k L1(Jk) ≤ b − a

4
. Set

(47) h(x) =

f̃(x) if x /∈ ∪kJk;

f̃(cj) − 4F
b − a

(x − cj) if x ∈ Jj for some j.

For the same reason as above, L1({x ∈ [a, b]; h(x) 	= f̃(x)}) ≤ b − a

4
, and hence

L1({x ∈ [a, b], h(x) 	= f(x)}) ≤ b − a

2
. Moreover, if x, y ∈ [a, b] with x ≤ y,

(48) h(y) − h(x) ≥ −4F
b − a

(y − x).

Using (44) and dividing as previously the proof into 4 parts, we also get

(49) h(y) − h(x) ≤ 4F
b − a

(y − x).

Therefore, by (48) and (49), |h(x) − h(y)| ≤ 4F
b − a

|y − x| and h is Lipschitz with

constant ≤ 4F
b − a

. �

Remark. In fact,
F

b − a
can be choosen as small as desired (to see this, use the Lebesgue

differentiation theorem). Therefore, we can only consider the case of subsets of Lips-
chitz graphs with small constant.

From now on, we assume that E is a subset of a Lipschitz graph Γ such that
H1(E) > 0. As explained before, we would like to use the strategy described at
the end of the previous section. Indeed, the Cauchy operator CΓ is bounded on
L2(Γ), and therefore (by theorem 48) is of weak type (1, 1) (see chapter 4). Recall
that this means that the truncated Cauchy operator Cε

Γ is bounded (uniformly in ε)
on L2(Γ, dH1

�E) and is of weak type (1, 1). Note that, by the previous remark, we
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only need the boundedness of the Cauchy operator on Lipschitz graphs with small
constant (Calderòn’s theorem). The idea to conclude is clear: First, apply theorem
71 to E ⊂ Γ and to CΓ

ε to get a sequence of functions (hε) whose Cauchy transforms
are bounded, then take ε → 0 to get a (non constant) function h supported on E such

that
∫

Γ
hdH1 ≥ H1(E)

2
and ||1

z
∗ (hdH1

�E)||∞ ≤ C. Then, γ(E) > 0, since the Cauchy

transform of a positive measure supported on E is a typical example of an analytic
function outside E. But, there are two problems:
(i) Cε

Γ does not map M(Γ) to C0(Γ).
(ii) The conclusion gives that Cε

Γhε is bounded on Γ, but not on C \ Γ.
We now explain how to solve these two problems.
For the first one, consider a test function φ ∈ C∞

0 (C) such that φ = 0 in B(0, η) for
some small η > 0 and φ(z) = 1 for |z| > M where M > 0 is big. If µ is a Borel

measure supported on Γ, set Cε
φµ(x) =

∫
Γ
(x − y)−1φ

(
x − y

ε

)
dµ(x).

Proposition 74. With the same notations as above,
(i) Cε

φ maps M(Γ) to C0(Γ);
(ii) There exists C > 0 such that∣∣∣∣∫|x−y|≥ε

f(y)
y − x

dH1
�Γ(y) −

∫
Γ
(x − y)−1φ

(
x − y

ε

)
dH1(y))

∣∣∣∣ ≤ CMΓf(x)

whenever ε > 0, x ∈ Γ, f ∈ L2(Γ) and where

MΓf(x) = sup
R>0

1
H1(Γ ∩ B(x, R))

∫
Γ∩B(x,R)

|f(y)|dH1(y);

(iii) Cε
φ is (uniformly in ε) bounded on L2(Γ, dH1

�E) and is of weak type (1, 1).

Note that (iii) follows from (ii) and the L2 boundedness of the maximal operator
on Γ (see theorem 46). Therefore, we can apply theorem 71 to Cε

φ instead of Cε
Γ. We

leave the proof of proposition 74 to the reader.

To solve the second problem, we prove the following result.

Proposition 75. Let Γ be a Lipschitz graph in C. Assume that hε ∈ L∞(Γ) and
that Cε

Γhε ∈ L∞(Γ) (uniformly in ε). Then, there exists C > 0 (which does not depend
on ε) such that

||Cε
Γhε||L∞(C\Γ) ≤ C||hε||L∞(Γ) + C||Cε

Γhε||L∞(Γ).

Proof. Throughout all the proof, we forget the ε’s.
Fix z ∈ C\Γ. Let x0 ∈ Γ such that |z−x0| = d(z, Γ) and set δ = |z−x0|. Decompose
now h: h = h1 + h2 where h1 is the restriction of h to B(x0, 10δ). Then,

|CΓh1(z)| =
∣∣ ∫

Γ∩B(x0,10δ)

h1(ξ)
ξ − z

dH1(ξ)
∣∣(50)

≤ ||h1||∞δ−1H1(Γ ∩ B(x0, 10δ))(51)
≤ C||h||∞ since Γ is Ahlfors regular.(52)

Moreover, if y ∈ B(x0, 5δ), by some easy computations,

(53) |CΓh2(z) − CΓh2(y)| ≤ C||h||∞.
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Thus, by (50) and (53), for all y ∈ B(x0, 5δ) ∩ Γ,

|CΓh(z)| ≤ C||h||∞ + |CΓh2(y)|(54)
≤ C||h||∞ + ||CΓh||∞ + |CΓh1(y)|.(55)

Furthermore,∫
Γ∩B(x0,5δ)

|CΓh1(y)|dH1(y) ≤ H1(Γ ∩ B(x0, 5δ))
1
2

(∫
Γ∩B(x0,5δ)

|CΓh1(y)|2dH1(y)
) 1

2

≤ Cδ
1
2 ||CΓh1||L2(Γ)

≤ Cδ
1
2 ||h1||L2(Γ) since CΓ is bounded on L2(Γ)

≤ Cδ||h||∞.

By integrating (54) on Γ∩B(x0, 5δ) with respect to H1 and by using the previous
estimate and the Ahlfors-regularity of Γ, we can easily conclude. �

Let Γ be a Lipschitz graph in C and let E be a subset of Γ with 0 < H1(E) < +∞.
By applying theorem 71 to Cε

φ, we get that for every ε > 0, there exists a function hε

supported on E such that
(i) 0 ≤ hε(x) ≤ 1 whenever x ∈ C;

(ii)
∫

Γ
hε(x)dH1(x) ≥ H1(E)

2
;

(iii)||Cε
φhε||L∞(Γ) ≤ C. But, by applying proposition 74 and then proposition 75, this

implies that ||Cε
Γhε||L∞(C) ≤ C (uniformly in ε).

Now, up to some subsequence, (hε) converges (with respect to the weak * topology
in L∞) to a function h which satisfies
(i) h = 0 outside E and 0 ≤ h(x) ≤ 1 whenever x ∈ C;

(ii)
∫

Γ
h(x)dH1(x) ≥ H1(E)

2
;

(iii) ||CΓh||L∞(C\Γ) ≤ C.
Therefore, γ(E) > 0 (since H1(E) > 0) and the proof of theorem 69 is complete.

We give an alternative proof of the Denjoy conjecture using the Garabedian formula.
We first recall some basic facts on the theory of Hardy spaces (see [33], chapter 10 for
more details and proofs, or [44]). Let Ω be a simply connected domain in C (with at
least two boundary points) and let p ∈ [1, +∞). A function f , analytic in Ω, is said
to be in the class Hp(Ω) if the subharmonic function |f |p has a harmonic majorant
in Ω, that is there exists a function Fp, harmonic in Ω, such that |f(z)|p ≤ Fp(z) for
all z ∈ Ω. A function f , analytic in Ω, is said to belong to the class Ep(Ω) if there
exists a sequence of rectifiable (Jordan) curves Γ1, ...., Γn,...... in Ω tending to the
boundary of Ω in the sense that eventually Γn surrounds every compact subdomain
of Ω, such that ∫

Γn

|f(z)|p|dz| ≤ C < +∞.

The spaces Hp(Ω) and Ep(Ω) are two generalizations of the classical notion of
Hardy spaces in the unit disc. In fact, in this case, they coincide. More generally,
they coincide if the derivative of a conformal mapping φ of the unit disc onto the
domain Ω satisfies a ≤ |φ′(z)| ≤ b whenever |z| < 1.
Assume from now on that Ω is a domain bounded by a rectifiable (Jordan) curve.Then,
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each function f ∈ Ep(Ω) has a non-tangential limit almost everywhere on Γ. More-

over,
∫

Γ |f(z)|p|dz| < +∞. Set ||f ||p =
∫

Γ
|f(z)|p |dz|

2π
. Finally, we mention that if

f ∈ E1(Ω), then f(z) =
1

2iπ

∫
Γ

f(ξ)
ξ − z

dH1(ξ) whenever z ∈ Ω.

We now go through the proof of the Denjoy conjecture. For this, consider Γ a
Lipschitz graph. Let f ∈ L2(Γ, ds) (where ds is the arc length on Γ). Set (if this

integral exists) Cf(z) =
1

2iπ

∫
Γ

f(ξ)
z − ξ

dH1(ξ). Then, since the Cauchy operator is

bounded on L2(Γ, ds), Cf has boundary values C∗f on Γ and C∗f ∈ L2(Γ, ds). This
implies that Cf ∈ E2(Ω) (where Ω is the domain of C whose boundary is Γ). But,

(56) γ(Γ)
1
2 = sup{|h′(∞)|; h ∈ E2(Ω), ||h||E2(Ω) ≤ 1}.

This have been proved by P. Garabedian [41] by introducing the dual extremal prob-
lem

inf
(||g||E1(Ω); g ∈ E1(Ω), g(∞) = 1

)
.

Assume that E is a compact subset of Γ and approximate E by a finite union Ẽ
of subarcs of Γ. Then, by the discussion above, CχẼ ∈ E2(Ω) since χẼ ∈ L2(Γ, ds).

Moreover, |(CχẼ)′(∞)| =
1
2π

H1(Ẽ).

Thus, if H1(E) > 0, by (56), γ(Ẽ) > 0 and hence γ(E) > 0. See [60] for more details.

Note that the two proofs of the Denjoy conjecture we have presented are based
on a duality argument. In fact, no constructive method to finding a non-constant
bounded analytic function in C \ E is known (unless Γ is a smooth curve, see [42]).

4. Proof of the Vitushkin conjecture

Let E ⊂ C be an Ahlfors regular set with dimension 1. Assume that γ(E) > 0.
Our goal is to construct a rectifiable curve Γ ⊂ C such that H1(E ∩ Γ) > 0 (proof of
theorem 70).

We start with some basic facts in measure theory (see [65] for more details).
Let µ be a complex measure. The total variation of µ for a Borel set B ⊂ C is

|µ|(B) = sup

{
k∑

i=1

|µ(Bi)|; B1, ..., Bk are disjoint Borel sets such that B = ∪k
i=1Bi

}
.

Note that |µ(B)| ≤ |µ|(B). We define the total variation of µ by ||µ|| = |µ|(C). Let
(µj) be a sequence of complex Radon measures with bounded total variations, that
is supj ||µj|| < +∞, then there exists a weakly convergent subsequence of (µj). This
result is an analogue of those for positive measures described in chapter 3.
Let µ be a positive Radon measure, let A ⊂ R

n such that µ(A) < +∞ and let B be a
family of closed balls such that each point of A is the center of arbitrarily small balls of
B (that is inf{r > 0, B(x, r) ∈ B} = 0 for any x ∈ A). Then, there exists a countable
collection of disjoint balls Bi ∈ B such that µ(A\∪iBi) = 0 (Vitali covering theorem).

Step 1. Since γ(E) > 0, there exists a non constant, analytic and bounded function
f : C \ E → C with f ′(∞) = 0 such that f ′(∞) = γ(E). The next result says that f
is the Cauchy transform of a complex measure.
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Theorem 76. Let E ⊂ C be a compact set with H1(E) < +∞ and let f : C\E →
C be analytic with ||f ||∞ ≤ 1 and f(∞) = 0. Then, there exists a complex Radon
measure σ such that Suppσ ⊂ E, |σ(B(z, r))| ≤ r for all z ∈ C and r > 0, and

f(z) =
∫

dσ(ξ)
z − ξ

for all z ∈ C \ E.

Moreover, there exists a Borel function φ : E → C such that ||φ||∞ ≤ 1, σ(A) =∫
A

φ(ξ)dH1(ξ) for all Borel set A,and f(z) =
∫

E

φ(ξ)
z − ξ

dH1(ξ) for all z ∈ C \ E.

Proof. The beginning of the proof is similar to those of theorem 64 (A).
Since H1(E) < +∞, for any k ∈ N

∗, we can cover E with closed discs Bk,1, ..., Bk,nk

such that
(i) diam(Bk,j) <

1
k

for any j = 1, ..., nk;

(ii)
∑nk

j=1 diamBk,j ≤ 2H1(E) +
1
k
.

Set Γk = ∂(∪nk
j=1Bk,j). Then, for any z ∈ C \ ∪nk

j=1Bk,j,

f(z) = − 1
2iπ

∫
Γk

f(ξ)
ξ − z

dH1(ξ).

Consider now the complex Radon measure σk defined by∫
ψ(ξ)dσk(ξ) = − 1

2iπ

∫
ψ(ξ)f(ξ)dH1(ξ)

for all continuous functions ψ : C → C.

Thus, we have f(z) =
∫

1
ξ − z

dσk(ξ) for all z outside Γk and the σk’s have uniformly

bounded total variations:

||σk|| = |σk|(C) ≤ 1
2π

∫
Γk

|f(ξ)|dH1(ξ) ≤ H1(E) + 1.

Hence, we can extract a subsequence converging to a complex measure σ. Of course,

suppσ ⊂ E and f(z) =
∫

dσ(ξ)
ξ − z

for z ∈ C \ E.

We should now estimate |σ(B(z, r))|.
Let D be an open disc with

(57) H1(E ∩ ∂D) = 0 and
∫

∂D

∫
|ξ − z|−1d|σ|(ξ)dH1(z) < +∞.

Note that − 1
2iπ

∫
∂D

dH1(ξ)
ξ − z

= χD(z) Hence, By Fubini’s theorem, we get

−1
2iπ

∫
∂D

f(z)dH1(z) =
−1
2iπ

(
∫

∂D

(∫
dσ(ξ)
ξ − z

)
dH1(z) =

∫ (−1
2iπ

∫
∂D

dH1(z)
ξ − z

)
dσ(ξ) = σ(D).

Therefore, |σ(D)| ≤ 1
2π

H1(∂D) =
1
2
diamD. We claim that this estimate is true for

all discs D of C. To see this, fix now z0 ∈ C. Since H1(E) < +∞, except perhaps for
countably many r > 0, H1(E ∩ ∂D(z0, r)) = 0.

Moreover, since
∫

D(z,R)
|ξ − z|−1dL2(ξ) < +∞ for all z ∈ C, all R > 0,

∫ |ξ −
z|−1d|σ|(ξ) < +∞ and thus, by Fubini’s theorem,

∫
∂D(z0,R)

∫ |ξ −z|−1d|σ|(ξ)dH1(z) <

+∞ for all R > 0. Therefore, for almost every R > 0, (57) holds for D = D(z0, R)
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and hence |σ(D(z0, R))| ≤ R. Fix now R > 0 and let ε > 0. Then, there exists
Rε ∈ [R, R + ε] such that |σ(D(z0, Rε))| ≤ Rε. Thus, |σ(D(z0, R))| ≤ |σ(D(z0, Rε)| ≤
Rε ≤ R + ε. By taking ε → 0, we get |σ(D(z0, R))| ≤ R and the claim is proved.
Assume now that A ⊂ C is a Borel set with H1(A) = 0 and let ε > 0. Then, we can
cover A by discs Di such that

∑
i diamDi ≤ 2ε. Therefore,

(58) |σ(A)| ≤
∑

i

|σ(Di)| ≤ 1
2

∑
i

diamDi ≤ ε

By taking ε → 0, this yields

(59) |σ(A)| = 0.

Now we claim that, for general Borel sets A ⊂ E, |σ|(A) ≤ H1(A). Note that by
definition of the total variation, it is enough to prove that |σ(A)| ≤ H1(A) for all
Borel sets A ⊂ R

n. To prove this, fix ε > 0. Denote by B the collection of discs
D(x, r) centered on A such that (1 + ε)H1(A ∩ D(x, r)) ≥ r. By proposition 9, if we

set A′ = {x ∈ A, θ∗1(A, x) ≥ 1
2
}, then H1(A \ A′) = 0 and by (59), |σ(A \ A′)| = 0.

Moreover, for every x ∈ A′, inf{r; D(x, r) ∈ B} = 0. Therefore, by applying Vitali’s
covering theorem, we find disjoint discs Di = D(xi, ri) such that (1+ε)H1(A∩Di) ≥ ri,
|σ|(A′ \ ∪iDi) = 0. Then,

|σ(A)| ≤ |σ(A′)| + |σ(A \ A′)|
≤ |σ(A′)|
≤ |σ(∪iDi)| + |σ(A′ \ ∪iDi)|
≤
∑

i

|σ(Di)|

≤
∑

i

ri

≤ (1 + ε)
∑

i

H1(A ∩ Di)

≤ (1 + ε)H1(A).

This implies that |σ(A)| ≤ H1(A), and the claim is proved. It follows that σ is ab-
solutely continuous with respect to H1

�E with Radon-Nykodyn derivative φ such that
||φ||∞ ≤ 1. This finishes the proof (which is taken from [65]).

Step 2. Starting with the function φ (given by theorem 74) and using a stopping
time argument, we construct an Ahlfors regular subset F of E and a para-accretive
function b supported on F such that H1(E ∩ F ) > 0 and CF (b) ∈ BMO(H1

�F ). Thus,
by the T (b) theorem, the Cauchy operator CF is bounded on L2(H1

�F ).

Theorem 77. [18] Let E ⊂ C be an Ahlfors regular set such that γ(E) > 0. Then
there exists an Ahlfors regular set F ⊂ E such that the Cauchy operator CF is bounded
on L2(H1

�F ) and such that H1(E ∩ F ) > 0.

Remark. This result has been extended to the case of sets supporting a doubling
measure by Y. Lin [58].
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Proof. By theorem 76, there exists a Borel function φ : E → C such that

||φ||∞ ≤ 1,
∣∣∣∣∫

E

φ(ξ)
z − ξ

dH1(ξ)
∣∣∣∣ ≤ 1 whenever z /∈ E and

∫
E

φ(ξ)dH1(ξ) 	= 0. Let ∆(E)

be the family of “dyadic cubes” associated to E (see proposition 24). Recall that
“dyadic cubes” of ∆(E) have “small boundary”. Let ε > 0. Consider

G = {Q ∈ ∆(E); |
∫

Q

φ(ξ)dH1(ξ)| ≥ εH1(Q)},

B = {Q ∈ ∆(E); Q /∈ G, but the father R of Q is in G}.

Recall that R ∈ ∆(E) is the father of Q ∈ ∆j(E) if R ∈ ∆j−1(E) and Q ⊂ R,
that is R is the “dyadic cube” of the previous generation containing Q. Let Q ∈ G.
Then, there exists cQ ∈ E such that E ∩ B(cQ, 2δdiamQ) ⊂ Q. Moreover, Q ⊂
E ∩ B(cQ, CdiamQ) (see proposition 24). Let SQ be the union of two circles with

center cQ and with radii δdiamQ and
δdiamQ

2
respectively. Define gQ on SQ by

gQ = C1(Q) on ∂D (cQ, δdiamQ) and gQ = C2(Q) on ∂D

(
cQ,

δdiamQ

2

)
such that

|C1(Q)| and |C2(Q)| are uniformly bounded, and
∫

SQ

gQdH1 =
∫

Q

φdH1.

Define F = (E \ ∪Q∈BQ) ∪ (∪Q∈BSQ). Let b be the function defined by b = φ on
E ∩ F and b = gQ on any Q ∈ B.

Then, ∣∣∣∣∫
E

φ(ξ)dH1(ξ) −
∫

E∩F

φ(ξ)dH1(ξ)
∣∣∣∣ ≤

∑
Q∈B

∣∣∣∣∫
Q

φ(ξ)dH1(ξ)
∣∣∣∣

≤ ε
∑
Q∈B

H1(Q)

≤ εH1(E)

Thus, since
∫

E

φ(ξ)dH1(ξ) 	= 0 and H1(E) < +∞,
∫

E∩F

φ(ξ)dH1(ξ) 	= 0 if ε > 0 is

small enough. This implies that H1(E ∩ F ) > 0.

We claim that F is Ahlfors regular. To see this, first note that there exists C ≥ 1
such that

(60) C−1H1(SQ) ≤ H1(Q) ≤ CH1(SQ)

whenever Q ∈ B. Furthermore, recall that, by construction, there exists δ > 0 such
that, for any Q ∈ B, any x ∈ E∗,

(61) d(x, SQ) ≥ δdiamQ

where E∗ = E \ (∪Q∈BQ). Consider now x ∈ F and R ∈ (0, diamF ).
Case 1. x ∈ E∗.
Write H1(F ∩ B(x, R)) = T1(x, R) + T2(x, R) + T3(x, R) where

T1(x, R) = H1(E∗ ∩ B(x, R)),
T2(x, R) =

∑
Q∈B1(x,R) H1(SQ ∩ B(x, R)) where B1(x, R) is the set of cubes

Q ∈ B such that SQ ∩ B(x, R) 	= ∅ and diamQ ≤ 10δ−1R,
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T3(x, R) =
∑

Q∈B2(x,R) H1(SQ ∩ B(x, R)) where B2(x, R) is the set of cubes
Q ∈ B such that SQ ∩ B(x, R) 	= ∅ and diamQ > 10δ−1R.

Then, since E is Ahlfors-regular,

(62) T1(x, R) ≤ H1(E ∩ B(x, R)) ≤ CR.

Let Q ∈ B2(x, R). Then, Q, SQ ⊂ B(x, CR) for some C > 0 depending on δ. Thus,
by (60),

T2(x, R) ≤
∑

Q⊂B(x,CR)

H1(SQ) ≤ C
∑

Q⊂B(x,CR)

H1(Q) ≤ CH1(E ∩ B(x, CR)).

Hence,

(63) T2(x, R) ≤ CR.

Assume now that B2(x, R) 	= ∅. Then, there exists Q ∈ B such that d(x, SQ) ≤ R and

diamQ > 10δ−1R. Therefore, by (61), δdiamQ ≤ d(x, SQ) ≤ R ≤ δ

10
diamQ. This

estimate is impossible. Hence, T3(x, R) = 0 and by (62) and by (63), we get

(64) H1(F ∩ B(x, R)) ≤ CR.

To prove the converse, choose S ∈ ∆(E) such that x ∈ S and
R

M1
≤ diamS ≤ R

M2
where M1 ≥ M2 > 0 are big enough. Then,

C−1 R

M1
≤ C−1diamS(65)

≤ H1(E ∩ B(cS, δdiamS))(66)

≤ H1(E∗ ∩ B(cS, δdiamS)) +
∑
Q∈B

H1(Q ∩ B(cS, δdiamS))(67)

≤ H1(E∗ ∩ B(cS, diamS)) +
∑
Q∈B

H1(Q ∩ B(cS, δdiamS)).(68)

Let Q ∈ B such that Q ∩ B(cS, δdiamS) 	= ∅. Then,

δdiamQ ≤ d(x, Q) ≤ |x − cS| + d(cS, Q) ≤ CdiamS + δdiamS.

Hence, diamQ ≤ C

M2
R. Moreover, if M2 is big enough, for any y ∈ SQ,

|x − y| ≤ |x − cS| + |cS − y| ≤ C

M2
R + CdiamQ +

δ

M2
R < R.

Therefore, SQ ⊂ B(x, R) and∑
Q∈B

H1(Q ∩ B(CS, δdiamS)) ≤
∑

SQ⊂B(x,R)

H1(Q) ≤ C
∑

SQ⊂B(x,R)

H1(SQ).

Finally, from (65), we get

C−1R ≤ CH1(E∗ ∩ B(x, R)) + C
∑

SQ⊂B(x,R)

H1(SQ)

≤ CH1(F ∩ B(x, R))

Thus,

(69) H1(F ∩ B(x, R)) ≥ C−1R.
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Case 2. x ∈ SQ for some Q ∈ B.
Recall that there exists cQ ∈ E such that |x−cQ| ≤ δdiamQ. Moreover, d(x, E∗\SQ) ≥
δdiamQ. Assume first that R < δdiamQ. Then, H1(F ∩B(x, R)) = H1(SQ∩B(x, R)).
Since SQ is Ahlfors regular, we get

C−1R ≤ H1(F ∩ B(x, R)) ≤ CR.

From now on, suppose that R ≥ δdiamQ. Then, B(x, R) ⊂ B(cQ, 10R) and by
adapting the method using to prove (64), we get H1(F ∩B(cQ, 10R)) ≤ CR and thus
H1(F ∩ B(x, R)) ≤ CR.
Conversely, assume first that δdiamQ ≤ R ≤ diamQ. Hence, since SQ is Ahlfors-
regular,

H1(F ∩ B(x, R)) ≥ H1(SQ ∩ B(x, R)) ≥ C−1R.

If R > diamQ, B

(
cQ,

R

10

)
⊂ B(x, R). By adapting the method using to prove (69)

in case 1, we get H1(F ∩ B(cQ, R
10)) ≥ C−1R. Thus, H1(F ∩ B(x, R)) ≥ C−1R.

We now equip F with a dyadic decomposition by “cubes”. For this, consider all
cubes Q ∈ ∆(E)\B, all SQ, Q ∈ B together with each two circles of SQ together with
subsets of these circles obtaining by bisecting each circles into 2 semi-circles, then
repeatedly bisecting the semi-circles and resulting arcs. This family is a family of
“dyadic cubes” of F . We will denote it by ∆(F ). Note that, by construction, “dyadic
cubes” of ∆(F ) satisfy also the “small boundary” condition.

To prove that CF is bounded on L2(H1
�F ), we check that the hypothesis of the Tb

theorem (theorem 50) are satisfied.
First, we prove that b is special para-accretive (with respect to ∆(F )) that is∣∣∣∣∫

Q

b(ξ)dH1(ξ)
∣∣∣∣ ≥ C−1H1(Q) for any Q ∈ ∆(F ).

Indeed, if Q ∈ ∆(E) ∩ ∆(F ), by construction,∣∣∣∣∫
Q

b(ξ)dH1(ξ)
∣∣∣∣ = ∣∣∣∣∫

Q

φ(ξ)dH1(ξ)
∣∣∣∣ ≥ εH1(Q).

Moreover, if Q ∈ ∆(F ) \ (∆(E) ∩ ∆(F )), then Q is a subset of SR for some R ∈ B.
Thus, since C1(R) and C2(R) are uniformly bounded,∣∣∣∣∫

Q

b(ξ)dH1(ξ)
∣∣∣∣ ≥ C−1H1(Q)

for some absolute constant C > 0.

We now check that, for any ε > 0, Cε
F b belongs to BMO(H1

�F ) uniformly in ε,

where as usual Cε
F b(z) =

∫
F

b(ξ)
z − ξ

dH1(ξ). By some standard arguments (see the

discussion in chapter 4), it suffices to prove that for any Q ∈ ∆(F ),

(70)
∫

Q

|Cε
F (bχQ)|dH1 ≤ CH1(Q)
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where C > 0 is an absolute constant. Recall that any Q ∈ ∆(E) has a “small
boundary”, that if for 0 ≤ τ < 1,

(71) H1({z ∈ Q; d(z, E \ Q) ≤ τdiamQ}) ≤ Cτ
1
C H1(Q).

Fix Q ∈ ∆(F ) and ε > 0. We divide the proof of (70) into three cases.

Case 1. Q is a subset of some SR (which is the union of two concentric circles). Using
the fact that bχQ takes at most two values which are uniformly bounded, you can
easily prove that (70) holds in this case.

Case 2. Q ∈ ∆(E). Hence, Cε
F (bχQ) = Cε

E(φχQ). First, we claim that, for any z ∈ C,

(72) |Cε
E(φ)(z)| ≤ C

where C > 0 is an absolute constant which does not depend on ε.

Since z →
∫

E

φ(ξ)
z − ξ

dH1(ξ) is bounded by 1 outside E, it is enough to consider the

case z ∈ E. Fix z0 ∈ E and choose positive constants ε < δ′′ < δ′ < δ such that

(a) δ′′ ≤ 2ε,

(b) δ′ ≤ δ2

1 + δ
.

Then, if z /∈ E,∣∣∣∣∫
E\D(z0,ε)

φ(ξ)
ξ − z0

dH1(ξ)
∣∣∣∣ ≤ I(z) +

∣∣∣∣∫
E

φ(ξ)
ξ − z

dH1(ξ)
∣∣∣∣(73)

≤ I(z) + 1(74)

where

I(z) =
∣∣∣∣∫

E\D(z0,ε)

φ(ξ)
ξ − z0

dH1(ξ) −
∫

E

φ(ξ)
ξ − z

dH1(ξ)
∣∣∣∣ .

Therefore, our strategy is to choose z /∈ E such that I(z) ≤ C for some absolute
constant C > 0. Write I(z) ≤ I1(z) + I2(z) + I3(z) where

I1(z) =
∣∣∣∣∫

E\D(z0,δ)

φ(ξ)
ξ − z0

dH1(ξ) −
∫

E\D(z0,δ)

φ(ξ)
ξ − z

dH1(ξ)
∣∣∣∣

I2(z) =
∣∣∣∣∫

D(z0,δ)\D(z0,ε)

φ(ξ)
ξ − z0

dH1(ξ) −
∫

D(z0,δ)\D(z0,δ′′)

φ(ξ)
ξ − z0

dH1(ξ)
∣∣∣∣

I3(z) =
∣∣∣∣∫

D(z0,δ)

φ(ξ)
ξ − z

dH1(ξ) −
∫

D(z0,δ)\D(z0,δ′′)

φ(ξ)
ξ − z0

dH1(ξ)
∣∣∣∣ .

Assume first that z ∈ D(z0, δ
′). Then,

I1(z) ≤ ||φ||∞
∫

E\D(z0,δ)

∣∣∣∣ z − z0

(ξ − z)(ξ − z0)

∣∣∣∣ dH1(ξ)

≤ δ′

δ(δ − δ′)
H1(E)

≤ C by (b).
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Furthermore,

I2(z) ≤
∣∣∣∣∫

D(z0,δ′′)\D(z0,ε)

φ(ξ)
ξ − z0

dH1(ξ)
∣∣∣∣

≤ C||φ||∞ δ′′

ε
since E is Ahlfors-regular

≤ C by (a).

Finally, since E is Ahlfors-regular, we can choose z ∈ D(z0, δ
′) such that

(c)
δ′′

4
≤ |z0 − z| ≤ δ′′

2

(d) E ∩ D

(
z,

δ′′

10

)
= ∅.

Then, using (c), (d), and the regularity of E, we get

I3(z) ≤
∣∣∣∣∫

D(z0,δ)\D(z0,δ′′)

φ(ξ)
ξ − z

dH1(ξ) −
∫

D(z0,δ)\D(z0,δ′′)

φ(ξ)
ξ − z0

dH1(ξ)
∣∣∣∣

+
∣∣∣∣∫

D(z0,δ′′)

φ(ξ)
ξ − z

dH1(ξ)
∣∣∣∣

≤ C||φ||∞
∫

E∩(D(z0,δ)\D(z0,δ′′))

δ′′

|ξ − z|2dH1(ξ) + C||φ||∞
≤ C.

Remark. To estimate the last integral above, write∫
E∩(D(z0,δ)\D(z0,δ))

1
|ξ − z|2dH1(ξ) ≤

N∑
j=1

∫
Ej(z)

1
|ξ − z|2dH1(ξ)

where Ej(z) = {ξ ∈ E, 2jδ′′ ≤ |ξ − z| ≤ 2j+1δ′′} and N ∈ N satisfies 2Nδ′′ ≤ δ ≤
2N+1δ′′.

Note that a slight modification of this proof gives, for any ball B = B(cB, CdiamQ)

centered on E such that Q ⊂ B

(
cB,

C

10
diamQ

)
,

(75) ||Cε
E(φϕB)||L∞(C) ≤ C

where ϕB is a smooth function supported on B(cB, C
10diamQ) such that ϕB = 1 on Q.

Choose now a ball BQ centered on E and a smooth function ϕBQ
supported on BQ as

above. Then, by (75),∫
Q

∣∣Cε
E(φχQ)dH1

∣∣ ≤
∫

Q

∣∣Cε
E(φϕBQ

)
∣∣ dH1 +

∫
Q

∣∣Cε
E(φ(ϕBQ

− χQ))
∣∣ dH1(76)

≤ CH1(Q) +
∫

Q

∣∣Cε
E(φ(ϕBQ

− χQ))
∣∣ dH1.(77)

Consider now a bounded function g supported on E such that supp g ⊂ BQ \ Q.
Then, ∫

Q

|Cε
E(g)|dH1 ≤ CH1(Q).(78)
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To see this, write∫
Q

|Cε
E(g)|dH1 =

∫
Q

∣∣∣∣∫
E\D(z,ε)

g(ξ)
ξ − z

dH1(ξ)
∣∣∣∣ dH1(z).

Since g is supported outside Q, we can omit ε. Set Ej(z) = {ξ ∈ (E ∩ BQ) \
Q; 2−jdiamQ ≤ d(z, ξ) ≤ 2−j+1diamQ} and F (z) = {ξ ∈ (E ∩ BQ) \ Q; d(z, ξ) ≥
diamQ}. Note that, if Ej(z) 	= ∅, then d(z, E \ Q) ≤ 2−j+1diamQ. Thus, using the
fact that Q has a small boundary (see (71)) and the regularity of E, we get∫

Q

|CE(g)|dH1 ≤
∫

Q

∫
F (z)

∣∣∣∣ g(ξ)
ξ − z

∣∣∣∣ dH1(ξ)dH1(z)

+
∞∑

j=1

∫
Q

∣∣∣∣∣
∫

Ej(z)

g(ξ)
ξ − z

dH1(ξ)

∣∣∣∣∣ dH1(z)

≤ CH1(Q) +
+∞∑
j=1

(2−j)
1
C H1(Q)

≤ CH1(Q).

Therefore, (77) and (78) give (70).

Note that, since “dyadic cubes” of ∆(F ) satisfy also the “small boundary” condi-
tion, we can adapt the previous proof to get, for any Q ∈ ∆(F ),

(79)
∫

Q

|Cε
F (φχQ)|dH1 ≤ CH1(Q).

Case 3. Q = (Q ∩ E) ∪ (∪R∈Λ(Q)SR). Write Cε
F (bχQ) = Cε

F (φχQ) +
∑

R∈Λ(Q) Cε
F ((b −

φ)χSR
). Then, by the result of case 1 and (79), this yields∫
Q

|Cε
F (bχQ)|dH1 ≤

∫
Q

|Cε
F (φχQ)|dH1 +

∑
R∈Λ(Q)

∫
Q\SR

|Cε
F ((b − φ)χSR

)|dH1

+
∑

R∈Λ(Q)

∫
SR

|Cε
F (bχSR

)|dH1 +
∑

R∈Λ(Q)

∫
SR

|Cε
F (φχSR

)|dH1

≤ CH1(Q) +
∑

R∈Λ(Q)

∫
Q\SR

|Cε
F ((b − φ)χSR

)|dH1

+ C
∑

R∈Λ(Q)

H1(SR) + C
∑

R∈Λ(Q)

H1(SR)

≤ CH1(Q) +
∑

R∈Λ(Q)

∫
Q\SR

|Cε
F ((b − φ)χSR

)|dH1.

Now, we claim that ∫
Q\SR

|Cε
F ((b − φ)χSR

)|dH1 ≤ CH1(SR).

Therefore,
∫

Q
|Cε

F (bχQ)|dH1 ≤ CH1(Q) and the proof of (70) is complete.
To prove the claim, set g = (b − φ)χSR

. Then, g is supported on SR, g ∈ L∞(C) and

(by construction of b)
∫

C

gdH1 = 0. Let ξR be the center of SR and set for z ∈ Q\SR,
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Φz(ξ) =
1

ξ − z
. Then, for ξ, ξ′ ∈ SR, |Φz(ξ) − Φz(ξ′)| ≤ C

|ξ − ξ′|
|z − ξR|2 . In other words,

Φz is Lipschitz on SR with constant less than
C

|z − ξR|2 . Hence,∣∣∣∣∫
SR

g(ξ)
ξ − z

dH1(ξ)
∣∣∣∣ =

∣∣∣∣∫
SR

g(ξ)(Φz(ξ) − Φz(ξR))dH1(ξ)
∣∣∣∣

≤ C

|z − ξR|2 diamR ||g||L1(SR).

Set Fj = {z ∈ Q \ SR, 2jdiamSR ≤ |z − ξR| ≤ 2j+1diamSR}. Note that H1(Fj) ≤
C2jdiamR. To see this, use the Ahlfors-regularity of F and the fact that Fj ⊂
B(y, 10. 2jdiamSR) for some y ∈ SR.

Then,∫
Q\SR

∣∣∣∣∫
SR

g(ξ)
ξ − z

dH1(ξ)
∣∣∣∣ dH1(z) ≤ C

+∞∑
j=1

∫
Fj

∣∣∣∣∫
SR

g(ξ)
ξ − z

dH1(z)
∣∣∣∣ dH1(z)

≤ C||g||L1(SR

≤ CH1(SR)

This type of estimate is classical in the theory of singular integral operators (see the
discussion in [17], pages 17-18).

We can now conclude that, by the Tb theorem, the Cauchy operator is bounded
on L2(F, dH1

�F ). �

Step 3. Since F is Ahlfors-regular and CF is bounded on L2(F, dH1
�F ), F is uniformly

rectifiable (by theorem 52). Therefore, there exists a rectifiable curve Γ ⊂ C such
that H1(E ∩ Γ) ≥ H1(F ∩ Γ) > 0. The proof of the Vitushkin conjecture in the
Ahlfors-regular case is now complete. �

We now explain how to modify the proof in the general case. The fist step remains
unchanged, since the only property of E we need in theorem 76 is H1(E) < +∞. The
first problem in step 2 was to construct a “dyadic” decomposition of the set E. This
has been done in [27]. Using this and the measure fdH1

�E given by the theorem 76,
G. David and P. Mattila adapt M. Christ’s stopping time argument to construct a
new finite measure gdν such that

- ν is a positive measure with linear growth.
- g : C → C is bounded and accretive, that is Reg(x) ≥ C for any x ∈ C.
-
∫

fdµ =
∫

gdν = m > 0.
- There exists a Borel set F ⊂ E such that C−1ν(A) ≤ µ(A) ≤ Cν(A) for all

Borel subsets A ⊂ F and ν(F ) ≥ m

2
.

- The Cauchy transform of gdν is in a BMO type space.
The second problem was the lack of a Tb theorem in the setting of nonhomogeneous
spaces (that is spaces equipped with a non doubling measure). In [26], G. David
proved a version of the Tb theorem in this general situation and used it to complete
the proof of the Vitushkin conjecture (see [78] for an other proof following the same
scheme). Indeed, by applying the Tb theorem with b = g in the space Suppµ, we
get that the truncated Cauchy operator Cε

ν is bounded on L2(ν) uniformly in ε. In
particular, ||Cε

ν(1)||L2(ν) ≤ C where C > 0 does not depend on ε. From this, by
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adapting the arguments given in the section 7 of the chapter 4, we get c2(ν) < +∞.
Thus, by theorem 28 (or more precisely a slight modification of it), Suppν is rectifiable.
Therefore, F ∩ Suppν is also rectifiable. Hence, there exists a rectifiable curve Γ such
that H1(Γ ∩ F ) > 0 and the proof is complete.
It should be noted that other versions of the Tb theorems are given in [100] and [77]
where harmonic analysis in the setting of nonhomogeneous spaces was developed. As
wrote J. Verdera in his nice survey about the subject [107], “This has come as a
great surprise to those, the author among them, that felt that homogeneous spaces
were not only a convenient setting for developing Calderòn-Zygmund theory, but that
they were essentially the right context” ! We conclude by giving a version of the T1
theorem for the Cauchy integral operator (similar to those given in [100], [77] and
[105]).

Theorem 78. Let µ be a positive Radon measure in C with linear growth. Assume
that there exists C > 0 such that

(80)
∫

D

|Cε
µ(χD)|2dµ ≤ Cµ(D)

for any disc D in C and any ε > 0. Then, the Cauchy operator Cµ is bounded on
L2(µ).

The conclusion of the theorem says that there exists C > 0 such that
∫

|Cε
µ(f)|2dµ ≤

C

∫
|f |2dµ whenever f ∈ L2(µ) and ε > 0 and where

Cε
µ(f)(z) =

∫
ξ∈C\D(z,ε)

f(ξ)
ξ − z

dµ(ξ).

We have seen in chapter 4 that, in the doubling case, the condition (80) is equivalent
to Cµ(1) ∈ BMO(µ). Note that by the proof given in [105], you can replace (80) by

(81)
∫

D

∫
D

∫
D

c(x, y, z)2dµ(x)dµ(y)dµ(z) ≤ CdiamD

for any disc D in C.

5. The Vitushkin conjecture for sets with infinite length

We now turn back to the original Vitushkin conjecture. Recall that it stated
that the removability of a compact set of C is equivalent to the fact that the Favard
length of the set is 0 (without assuming that the set has finite length). As we said
before, it is not true, but the story of this is quite amazing. First, P. Mattila [63]
showed that one of this condition (γ(E) = 0) is conformally invariant, whereas the
other condition is not. However, his method does not indicate which implication is
false. Later, P. Jones and T. Murai [51] gave an example of set (of infinite length !)
with zero Favard length, but non zero analytic capacity. In this section, we present a
more simple example due to H. Joyce and P. Mörters [53]. Note that it is still open
to determine if a set with non zero Favard length is removable or not for bounded
analytic functions (see the discussion in the last chapter). Recall that, if h : R

+ → R
+

is a non-decreasing function with h(0) = 0, then Λh denotes the Hausdorff measure
associated to the gauge h (see section 3 of the first chapter).
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Theorem 79. There exists a compact set E ⊂ C such that
(i) the projection of E in any direction has zero length;
(ii) 0 < Λh(E) < +∞ for a function h : R

+ → R
+ fulfilling (for some ε > 0)∫ ε

0
h(r)αr−α−1dr < +∞ for every α > 1.

By theorem 42, this implies that the Menger curvature of the restriction of Λh to
E has finite curvature. Moreover, there exists a subset F ⊂ E such that the restric-
tion of Λh to F has linear growth. To see this, fix δ ∈ (0, ε) small enough. We first
claim that there exists a compact subset F of E such that 0 < Λh(F ) < +∞ and
Λh(E ∩ B(x, r)) ≤ 2h(r) for all r ∈ (0, δ) and all x ∈ F . Indeed, if such a subset
does not exist, then, for Λh-almost x ∈ E, there exists a sequence of radius rn → 0
such that Λh(E ∩ B(x, rn)) > 2h(rn). By the Vitali covering lemma (see the previous
section), we can cover Λh-almost all E by a disjoint union of such balls and thus we
get the contradiction: Λh(E) ≥ 2Λh(E). We can assume that diamF ≤ δ. Moreover,

since
∫ ε

0
h(r)αr−α−1dr < +∞ for any α > 1,

h(r)
r

→ 0 and therefore h(r) ≤ Cr for all

0 < r ≤ δ. Hence, for all (closed) ball B of C, Λh(F ∩ B) ≤ CdiamB. We will see in
the next chapter (see theorem 79) that the existence of a positive measure supported
on F with linear growth and finite Menger curvature implies that γ(F ) > 0, and thus
γ(E) > 0.

Proof. The classical idea to construct sets with projections of zero length is to
use “Venetian blinds”. See for instance the construction due to Besicovitch given
in [36], pages 90-92. The construction of H. Joyce and P. Mörters follows the same
strategy.

We first fix some parameters of the construction:

• Pick angles αi with αj =
π

2n
if 2n ≤ j < 2n+1;

• Choose a constant M > 3 such that M−1 <
1
12

(k+1) sin(αk+1) for any k ≥ 1;

• Set mk = M.k and write m(k) = m1....mk;

• Find an increasing sequence of numbers
1
2

< βk < 1 converging to 1 so slowly

that (k + 1)2m(k)β16m(k)−1 −→ 0 when k → +∞;

• Set σk =
(

k + 1
k

)βk

.

First Step.
Let E0 be a closed ball of diameter 1 in C.

Second step.
Place m1 balls of diameter

σ1

m1
inside E0 such that the centers are on the diameter of

E0 which makes an angle of α1 with real axis. We place these balls such that they
overlap as little as possible: two of these balls touch the boundary of E0 and the
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distance between the centers of two neighboring balls is d1 =
1 − σ1

m1

m1 − 1
.

These balls are called balls of the first generation and their union is denoted by E1.

(k + 1)-th step.

Assume now that Ek has been constructed. We put into every m(k) balls of Ek

exactly mk+1 closed balls. The centers are on a diameter making an angle of
∑k+1

i=1 αi

with the real axis, the diameter of these balls are
σ1....σk+1

m(k + 1)
and the distance between

the centers of two neighboring balls is equal to

dk+1 =
σ1....σk

m1....mk

1 − σk+1
mk+1

mk+1 − 1
.

These balls are called balls of the (k + 1)-th generation and their union is denoted by
Ek+1.

Assume now that, by induction, the Ek’s have been constructed. Set E = ∩+∞
k=0Ek.

The crucial point is that two balls of the (k + 1)-th generation intersect only if they
are in the same ball of the generation k (by the choice of M). This allows us to code
our set, that is there exists a natural bijection p : Π+∞

k=1{1, ...., mk} → E.
We now construct the function h. For this, define a piecewise linear function h by
h(r) =

r

σ1....σk

if dk+1 ≤ r < dk. Thus, since

∑
B balls of generation k

h(diamB) < m(k)
σ1....σk

m(k)

σ1.....σk

< 1,

Λh(E) < +∞. To see that Λh(E) > 0, consider the probability measure µ on E

defined by µ(p((mi)i=1,....,k)) =
1

m1.....mk

. Then, by the choice of the parameters,

µ(B(x, r)) ≤ Ch(r) for all x ∈ E and all r ∈ (0, ε). Cover now E by balls B(xi, ri),
ri ≤ ε, such that

∑
i h(ri) ≤ 10Λh(E). Then, Λh(E) ≥ C

∑
i µ(B(xi, ri)) ≥ Cµ(E) >

0.

Let α > 1 and consider Iα =
∫ ε

0
h(r)αr−α−1dr. First, note that

Iα =
+∞∑
k=1

1
(σ1....σk)α

∫ dk

dk+1

dr

r
.

Moreover,
∫ dk

dk+1

dr

r
= log

(
dk

dk+1

)
≤ C log k for any k ≥ 1. Furthermore, fix βn ≥ β

for some β >
1
α

. Then, for k ≥ n,

1
(σ1......σk)α

= Πk
j=1

(
j

j + 1

)βjα

≤
(

1
k

)βα
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Finally, we get

Iα ≤ C

+∞∑
k=1

log k

kβα
< ∞ (Bertrand series).

We now compute the length of the projection in the direction θ ∈ [0, π]. For this,
let k0 ∈ N such that the diameter of a ball of the k0-th generation is almost orthogonal
to the direction θ. Let B a ball of generation k0 and pick up a large k ∈ N. Note that
the distance from the center of a ball of generation (k0 + k) to the diameter of B (in
direction θ) is bounded by

diamB sin

(
k0+k∑

j=k0+1

αj +
k0∑

j=1

αj − θ

)
.

Hence, the projection of B ∩ E on Lθ is contained in an interval of length

|IB| = 2

(
diamBk0+k + diamB

(
sin[

k0+k∑
j=1

αj − θ]

))
where Bk+k0 is a ball of generation k + k0 in B.

Thus, we can cover the projection pθ(E) of E by mk0 intervals of length |IB|. By
the choice of the parameters, we can easily conclude. �



CHAPTER 7

The capacity γ+ and the Painlevé Problem

In this chapter, we will see that γ and γ+ are comparable. As an application, we
will get a solution to the Painlevé Problem in terms of Menger curvature. All these
results have been very recently obtained by J. Mateu, X. Tolsa and J. Verdera.

1. Melnikov’s inequality

Let E be a subset of C. We denote by MC(E) the class of positive Radon measures
µ supported on E with linear growth with constant 1 (that is such that µ(B) ≤ diamB
for any ball B in C) and finite Menger curvature.

Theorem 80. [71] There exists C0 > 0 such that for any compact set E ⊂ C

(82) γ(E) ≥ C0 sup
µ∈MC(E)

µ(E)
3
2

(µ(E) + c2(µ))
1
2
.

Note that if MC(E) = ∅, then the supremum is 0 and (82) is obvious.

Remarks.
1) Let E ⊂ R

n and let d > 0. We define the d-Hausdorff content (denoted by Cd(E))
of E by

Cd(E) = inf

{∑
i

(diamUi)d; E ⊂
⋃
i

Ui

}
.

Theorem 31 and theorem 80 imply that

γ(E) ≥ C
C1(E)

3
2

l(Γ)
1
2

whenever E is a compact subset of a rectifiable curve Γ of C. This improves a previous
result of T. Murai [76] and was observed by J. Verdera (private communications).
2) Let E = E(λ) be a generalized four-corners Cantor set associated to a sequence
λ (see chapter 3). Then, theorem 44 and theorem 80 imply that γ(E) > 0 if∑

n

(
4−n

σn

)2

< +∞. We will see in the next section that the converse is also true.

Proof. We follow here the proof given in [105] which is based on the T1 theorem
for the Cauchy operator given in the previous chapter (whereas Melnikov’s original
proof uses the Garabedian formula).
Let E ⊂ C be a compact set. For any positive Radon measure µ supported on E, we

define its “energy” (with respect to the Cauchy kernel
1
z
) by

E(µ) =
∫

C

Dµ(z)dµ(z) +
∫

C

cµ(z)dµ(z)

H. Pajot: LNM 1799, pp. 105–114, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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where Dµ(z) = sup
r>0

µ(D(z, r))
r

and cµ(z)2 =
∫

C

∫
C

c(x, y, z)2dµ(x)dµ(y).

We claim that theorem 80 follows from

Proposition 81. There exists C > 0 such that for each compact set E ⊂ C,

γ(E) ≥ C sup E(µ)−1

where the supremum is taken over all probability measures µ supported on E.

Indeed, let µ be a positive Radon measure supported on E with linear growth and
finite Menger curvature (that is µ ∈ MC(E)). Then, Dµ(z) ≤ Cµ(C) since µ has

linear growth and
∫

C

cµdµ(z) ≤ Cc2(µ)µ(C)
1
2 by Cauchy-Schwarz. Thus,

E
(

µ

µ(C)

)
= µ(C)−2E(µ)

≤ Cµ(C)−2
(
µ(C) + c2(µ)µ(C)

1
2

)
≤ Cµ(C)− 3

2

(
µ(C)

1
2 + c2(µ)

)
.

Hence, γ(E) ≥ C
µ(E)

3
2

(µ(E) + c2(µ))
1
2

and the proof of theorem 80 is complete.

We now prove proposition 81. For this, consider a probability measure µ supported
on E such that E(µ) < +∞. Set A = 2E(µ) and G = {z ∈ E; Dµ(z) ≤ A and cµ(z) ≤
A}. Then,

A ≥
∫

C\G

Dµ(z)dµ(z) +
∫

C\G

cµ(z)dµ(z) ≥ 2Aµ(C \ G).

Therefore, there exists a compact set F ⊂ E such that µ(F ) ≥ 1
2

and Dµ(z) ≤ A,
cµ(z) ≤ A whenever z ∈ F . Set ν = µ�F . Then,

(i) ν(C) = µ(F ) ≥ 1
2
;

(ii) ν(D(z, R)) ≤ AR whenever z ∈ F and R > 0. Hence, ν(D(z, R)) ≤ 4AR
if z ∈ C and R > 0. Indeed, if D(z, R) ∩ F = ∅, ν(D(z, R)) = 0. Oth-
erwise, there exists ξ ∈ F ∩ D(z, R). Therefore, D(z, R) ⊂ D(ξ, 4R) and
ν(D(z, R)) ≤ 4AR.

(iii) cν(z) ≤ A whenever z ∈ F .
Now, (ii) and (iii) imply∫

D

∫
D

∫
D

c(x, y, z)2dν(x)dν(y)dν(z) ≤ Cν(D)

for any disc D in C. Therefore, by the proof of theorem 78 (see the comments after
theorem 78), the Cauchy operator Cν is bounded on L2(ν) and is of weak type (1, 1),
that is there exists C > 0 such that

ν ({z ∈ C, |Cε
ν(λ)| < t}) ≤ CA

t
λ(C)

where λ is any finite measure in C and ε > 0. Note the fact that the L2 boundedness
of the Cauchy operator Cν implies the weak L1 inequality is classical if ν is doubling
(see theorem 48). It is more delicate in the general case (see [79]). By the standard
duality argument (theorem 71), there exists a measurable function h supported on
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F such that 0 ≤ h ≤ 1, ν(F ) ≤ 2
∫

C

hdν and |Cε
ν(h)(z)| ≤ CA if z ∈ C \ F and

ε > 0. For the last estimate, recall that the constants C1 and C2 in theorem 71 are

comparable. Therefore, γ+(F ) ≥ C

A
ν(F ). Hence, since ν(F ) >

1
2

and A = 2E(µ),

γ(E) ≥ C
ν(F )

A
≥ CE(µ)−1.

�

A natural question is to determine if the reverse estimate holds, that is

γ(E) ≤ C sup
µ∈MC(E)

µ(C)
3
2

(µ(C) + c2(µ))
1
2
?

It was observed by X. Tolsa in his thesis that this estimate is true for the capacity γ+.
Recall that γ+(E) = sup µ(C) where the supremum is taken over all positive Radon

measures µ supported on E such that
∣∣∣∣∣∣∣∣1z ∗ µ

∣∣∣∣∣∣∣∣
∞

≤ 1.

Theorem 82. [102] There exists C > 0 such that for any compact set E ⊂ C,

C−1 sup
µ∈MC(E)

µ(C)
3
2

(µ(C) + c2(µ))
1
2

≤ γ+(E) ≤ C sup
µ∈MC(E)

µ(C)
3
2

(µ(C) + c2(µ))
1
2
.

As easy applications, we get

Corollary 83. Let E ⊂ C be a compact set. Then, γ+(E) = 0 if and only if
MC(E) = ∅.

Corollary 84 (Semi-additivity of γ+). There exists C > 0 such that

γ+(E1 ∪ E2) ≤ C(γ+(E1) + γ+(E2))

whenever E1, E2 are two disjoint compact sets in C

To prove corollary 84, note that, if µ ∈ MC(E1 ∪ E2), then

- µ(E1 ∪ E2) ≥ µ(E1), µ(E1 ∪ E2) ≥ µ(E2) and µ(E1 ∪ E2) = µ(E1) + µ(E2);
- c2(µ) ≥ c2(µ�E1) + c2(µ�E2).

Thus,

µ(C)
3
2

(µ(C) + c2(µ))
1
2

≤ C
µ1(C)

3
2

(µ1(C) + c2(µ1))
1
2

+ C
µ2(C)

3
2

(µ2(C) + c2(µ2))
1
2

where µi = µ�Ei
. By theorem 79, this implies γ+(E1 ∪ E2) ≤ C(γ+(E1) + γ+(E2)).

Theorem 79 leads to the following question: Are γ and γ+ comparable ? that is,
does there exist C > 0 such that

γ+(E) ≤ γ(E) ≤ Cγ+(E)

whenever E ⊂ is a compact set ? Recall that the left hand side inequality is obvious
(see chapter 5).
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2. Tolsa’s solution of the Painlevé problem

Very recently, X. Tolsa [101] proved that the answer to the previous question is
yes.

Theorem 85. There exists C > 0 such that

γ+(E) ≤ γ(E) ≤ Cγ+(E)

whenever E is a compact set in C. In particular, there exists C > 0 such that

C−1 sup
µ∈MC(E)

µ(C)
3
2

(µ(C) + c2(µ))
1
2

≤ γ(E) ≤ C sup
µ∈MC(E)

µ(C)
3
2

(µ(C) + c2(µ))
1
2
.

Note that theorem 85 was first proved for generalized four-corners Cantor sets by
J. Mateu, X. Tolsa and J. Verdera [61].The general proof follows the same way, but is
more complicated and more technical. We will only describe their method in the case
of the linear Cantor set (J. Verdera, personal communications). Before, we give some
very important applications of theorem 85. We use the same notations as in chapter
3 (section 4).

Theorem 86. [61] Let E = E(λ) be a generalized four-corners Cantor set asso-
ciated to a sequence λ = (λn). Then, for any N ∈ N,

C−1

(
N∑

j=1

(
4−j

σj

)2
)− 1

2

≤ γ(EN) ≤ C

(
N∑

j=1

(
4−j

σj

)2
)− 1

2

.

By adapting Mattila’s proof of theorem 44, we get c2(µN) ≤ C

N∑
j=1

(
4−j

σj

)2

where

µN is the restriction of Λh to EN . Thus, the left hand side inequality follows from
Melnikov’s inequality and this bound of the curvature of µN . The right hand side
inequality is a consequence of theorem 85 and a similar estimate for γ+(EN) (see the
work of Eidermann [34] or Tolsa [102])). In the linear case, the best known result

was due to T. Murai (see [75]) who proved that γ(EN) ≤ C

log N
(whereas theorem 86

gives γ(EN) ≤ C√
N

).

Corollary 87. Let E = E(λ) be a generalized four-corners Cantor set associ-
ated to a sequence λ. Then, γ(E) = 0 (that is E is removable for bounded analytic
functions) if and only if (∑

n

(
4−n

σn

)2
)

= +∞.

Theorem 88 (Semi-additivity of the analytic capacity). There exists C > 0 such
that

γ(E1 ∪ E2) ≤ C(γ(E1) + γ(E2))
whenever E1, E2 are two disjoint compact sets in C

The proof is similar to those of corollary 84. In fact, Tolsa’s proof gives a better
result: There exists C > 0 such that

γ(∪i∈NEi) ≤ C
∑
i∈N

γ(Ei)
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whenever the Ei’s are compact sets in C. This suggests that the best constant in
theorem 88 should be 1. Theorem 88 confirms an old conjecture of A. G. Vitushkin
and has a lot of applications to uniform rational approximation (see [62]).

Theorem 89. Let E ⊂ C be a compact subset of C. Then, γ(E) > 0 (that is E
is not removable for bounded analytic functions) if and only if MC(E) 	= ∅.

Of course, theorem 89 provides a solution to the Painlevé problem (see the dis-
cussion in the next section).

Remark. Using theorem 89 and some estimates of the Menger curvature obtained
in chapter 3, we can give alternative proofs of some results about removability for
bounded analytic functions described in chapters 5 and 6. For instance, theorem 89
and corollary 32 imply theorem 69.

Proof. We now prove theorem 85 in the special case of the N -th generation of
the linear four-corners Cantor set (see chapter 1 section 3). We will use the same
notations as above, that is EN is the N -th generation of the four corners Cantor set

and EN =
4N⋃
j=1

Qj
N where Qj

N is a square whose side length is 4−N . We should mention

that, throughout all the proof, we will use the notation C(µ) (instead of Cµ) for the
Cauchy transform of a measure µ. The proof is based on the following result.

Lemma 90. Assume that N is even (respectively odd) and that, for some constant
C0 > 1, we have γ(EN

2
) ≤ C0γ(EN) (respectively γ(EN+1

2
) ≤ C0γ(EN)). Then,

there exists an absolute constant A > 0 such that γ(EN) ≤ C0Aγ+(EN
2
) (respectively

γ(EN) ≤ C0Aγ(EN+1
2

)).

Assume for a moment that this lemma is proved. Let N ∈ N be even (the case
where N is odd can be treated in a similar manner). Recall that γ+(En) is comparable

to
1√
n

for any n ∈ N (Eiderman-Tolsa’s estimate, see above), and therefore there

exists an absolute constant C1 > 0 such that γ+(EN
2
) ≤ C1γ+(EN). We suppose by

induction that γ(Em) ≤ AC2
1γ+(Em) for any m < N .

Case 1. γ(EN) ≤ 1
C1

γ(EN
2
).

Then,

γ(EN) ≤ 1
C1

γ(EN
2
)

≤ AC1γ+(EN
2
) by induction hypothesis

≤ AC2
1γ+(EN).

Case 2. γ(EN
2
) ≤ C1γ(EN).

By lemma 90,

γ(EN) ≤ AC1γ+(EN
2
)

≤ AC2
1γ+(EN)



110 7. THE CAPACITY γ+ AND THE PAINLEVÉ PROBLEM

We now go through the proof of lemma 90. For this, fix N ∈ N and assume that N
is even. The main idea of the proof is to construct a measure λ supported on ∂EN

2

such that

(i) λ is doubling with absolute constant;
(ii) λ(C) = γ(EN);
(iii) The Cauchy operator Cλ is bounded on L2(λ) and its norm ||Cλ||2,2 is bounded

by C C0 (for some absolute constant C > 0).

If such a measure has been constructed, Cλ is of weak type (1, 1) with constant bounded
by C C0 and therefore, by the standard duality argument (theorem 71), there exists
h supported on ∂EN

2
such that 0 ≤ h ≤ 1, λ(E∂ N

2
) ≤ supµ 2

∫
C

hdµ and |C(hdλ)(z)| ≤
C C0 for z /∈ ∂EN

2
. For the last estimate, recall that constants C1 and C2 in theorem

71 are comparable. Hence,there exists A > 0 such that γ(EN) = λ(C) ≤ A C0γ+(EN
2
)

and the lemma 90 is proved.
Construction of λ
Let f be the Ahlfors function of EN (see chapter 5). Then, for z /∈ EN ,

f(z) =
−1
2iπ

∫
∂EN

f(s)t(s)
s − z

ds

where t(s) is the unit tangent vector. Set ν =
−1
2iπ

f(s)t(s)ds�∂EN
. Then,

- ν is supported on ∂EN ;
- |C(ν)(z)| ≤ 1 if z /∈ EN ;

- If Q = Qj
n, 0 ≤ n ≤ N , 1 ≤ j ≤ 4n, set fQ(z) =

−1
2iπ

∫
∂EN∩Q

f(s)t(s)
s − z

ds for

z /∈ ∂EN ∩Q. Then, fQ is analytic outside Q∩EN . Moreover, fQ is bounded
(uniformly in Q) outside Q∩EN . Indeed, let z ∈ C \ (Q∩EN). Assume first
that d(z, EN ∩ Q) ≥ ε0diamQ (where ε0 is small enough). Then,

(83) |fQ(z)| ≤ ||f ||∞H1(Q ∩ ∂EN)
2πε0 diamQ

≤ C

Assume now that d(z, Q ∩ ∂EN) ≤ ε0 diamQ and consider Q̃ a square con-
centric with Q but whose side length is 100 diamQ. Then, f(z) − fQ(z) =
1

2iπ

∫
∂Q̃

f(w)
w − z

dH1(w). An estimate similar to (83) gives

∣∣∣∣ 1
2iπ

∫
∂Q̃

f(w)
w − z

dw

∣∣∣∣ ≤ C.

Thus, |fQ(z)| ≤ C +1. Therefore, |f ′
Q(∞)| = |ν(Q)| ≤ Cγ(Q∩EN) and then,

by translating and dilating, |ν(Q)| ≤ C4−nγ(EN−n). In particular, if n =
N

2
,

we have

|ν(Q)| ≤ C4− N
2 γ(EN

2
)

≤ CC0γ(EN)µ(Q) by hypothesis

(where µ is the arc length measure on ∂EN
2
).
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Set λ =
1
4
γ(EN)µ =

1
4
γ(EN)ds�∂E N

2
. Then, λ is a positive measure supported on

∂EN
2

with λ(C) = γ(EN) and satisfies for 0 ≤ n ≤ N

2
and 1 ≤ j ≤ 4n,

(84) |ν(Qj
n)| ≤ CC0λ(Qj

n).

Cλ is bounded on L2(λ)
Note first that λ is doubling with absolute constant (λ is also Ahlfors regular, but with
constant depending on γ(EN)). To prove that the Cauchy operator Cλ is bounded on
L2(λ), we will check that the hypothesis of M. Christ local T (b) theorem (theorem

51) are satisfied with absolute constants, that is for any Qj
n, 0 ≤ n ≤ N

2
, 1 ≤ j ≤ 4n,

there exists bn
j supported on Qj

n such that
(i) ||bn

j ||∞ ≤ CC0;
(ii) ||C(bn

j dλ)||∞ ≤ C;

(iii)
∣∣∣∣∫

Qj
n

bn
j dλ

∣∣∣∣ ≥ δλ(Qj
n)

where C and δ are absolute constants. Furthermore, the proof of theorem 51 implies
that ||Cλ||2,2 ≤ CC0 for some absolute constant C > 0
Construction of the bn

j ’s
Let Q0 be the initial square. Recall that C(ν) is bounded. We would like to write
ν = bdλ and set b0 = b (where b0 is the function associated to Q0). But, ν is absolutely
continuous with respect to ds�EN but not with respect to ds�E N

2
. Thus, we should

adapt ν to ∂EN
2
. To do this, set

b =
4

N
2∑

j=1

ν(Qj
N
2
)

λ(Qj
N
2
)
χQj

N
2

.

Then,
(i) ||b||∞ ≤ CC0 since |ν(Qj

N
2
)| ≤ CC0λ(Qj

N
2
);

(ii) ||C(bdλ)||∞ ≤ C. To see this, the idea now is to compare C(bdλ) with C(ν).
Assume that z is closed to ∂EN

2
, that is z ∈ 2Qj0

N
2

for some j0. Write bdλ =

4
N
2∑

j=1

ν(Qj
N
2
)
ds�∂Qj

N
2

l(∂Qj
N
2
)

and ν =
∑4

N
2

j=1 χQj
N
2

ν. Then, using the fact that

|ν(Qj
N
2
)| = |(bdλ)(Qj

N
2
)|,

we get∣∣∣∣∣∣C
∑

j �=j0

ν(Qj
N
2
)
ds�∂Qj

N
2

l(∂Qj
N
2
)

−
∑
j �=j0

χQj
N
2

ν

 (z)

∣∣∣∣∣∣ ≤ C
∑
j �=j0

l(∂Qj
N
2
)2

d(z, Qj
N
2
)2

≤ C.

Since C(ν) is bounded, we are done if C(ds�∂Q
j0
N
2

)(z) is bounded. If Qj0
N
2

is

a disc, it is obvious. Thus, up to some technical problems (smoothing the
boundary of Qj0

N
2

since the problem comes from the corners of Qj0
N
2
), we can



112 7. THE CAPACITY γ+ AND THE PAINLEVÉ PROBLEM

assume that it is true. We leave to the reader the case where z is far away
from ∂EN

2
.

(iii)
∫

Q0
bdλ =

4
N
2∑

j=1

ν(Qj
N
2
) = ν(C) = γ(EN) = λ(C) = λ(Q0).

Fix now Qj
n, 0 ≤ n ≤ N

2
, 0 ≤ j ≤ 4n. As before, comparing with ν, we prove that

the measure m =
4

N
2 −n∑
k=1

ν(Qk
N
2 −n

)
ds�Qk

N
2 −n

l(∂Qk
N
2 −n

)
has bounded Cauchy transform. The idea

now is to “transport” the measure m. To do this, write Qj
n = 4−nQ0 + zn

j and set
τ : z → τ(z) = 4−nz+zn

j . We can assume that Qk
N
2

= τ(Qk
N
2 −n

) for any k = 1, ..., 4
N
2 −n.

Then, the image measure τm of m by τ is given by τm =
4

N
2 −n∑
k=1

ν(Qk
N
2 −n

)
ds�∂Qk

N
2

l(∂Qk
N
2
)
. Since

C(τm)(z) = 4nC(m)(4n(z−zn
j )), 4−nτm has bounded Cauchy transform. Now, consider

bn
j supported on Qj

n such that

4−nτm =
4

N
2 −n∑
k=1

ν(Qk
N
2 −n

)

λ(Qk
N
2 −n

)
χQk

N
2

dλ = bn
j dλ.

Then, bn
j satisfies

(i) ||bn
j ||∞ ≤ CC0 since ν(Qk

N
2 −n

) ≤ CC0λ(Qk
N
2 −n

);
(ii) ||C(bn

j dλ)||∞ ≤ C (see above);

(iii)
∫

bn
j dλ = 4−nτm(C) = 4−nν(C) = 4−nγ(EN) = λ(Qj

n).

This completes the proof of lemma 90, and therefore of theorem 85. See [62] for
another presentation of this proof and for a discussion of the general case.

�

3. Concluding remarks and open problems

Does theorem 85 provide a satisfactory solution to the Painlevé problem (for in-
stance, in the spirit of L. Ahlfors’ quotation given in the introduction) ?

We can not expect to give a definitive answer to this question. However, we will
describe two open problems related to removability for bounded analytic functions.
Question 1 (respectively question 3) has a metric (respectively geometric) nature. Us-
ing Tolsa’s result, they can be restated in terms of Menger curvature. Therefore, in
some sense, answering to question 1 and question 3 by the use of theorem 85 would
mean that Tolsa’s result provides a metric/geometric characterization of removable
sets for bounded analytic functions.
On the other hand, as we have seen in chapter 4, it is quite hard to estimate the Menger
curvature, and therefore to construct measures with finite curvature supported on a
given set. In other words, in order to prove that a set is removable for bounded ana-
lytic functions, it is not so easy to check hypothesis of theorem 85, or just to have the
feeling that a measure with finite curvature and supported on the set exists ! Hence,
it would be useful to find (at least in some special situations) more “visual” conditions.
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Question 1: Is the class of removable sets for bounded analytic functions stable
under bilipschitz homeomorphism f : C → C ?

Recall that f : C → C is bilipschitz if there exists C ≥ 1 such that

C−1|x − y| ≤ |f(x) − f(y)| ≤ C|x − y|
whenever x, y ∈ C.
An answer “yes” to the following question will imply an answer “yes” to question 1.

Question 2: Let µ be a positive Radon measure in C with linear growth and finite
Menger curvature and let f : C → C be a bilipschitz homeomorphism. Denote by µf

the image measure of µ by f . Is the Menger curvature of µf finite ?
Note that µf has linear growth. The answer is “yes” if f is affine or of class C1+ε (see
[99]). Therefore, the class of removable sets is stable under affine functions. This gives
an affirmative answer to a problem raised by A. O’Farrel who asked if γ(f(E)) = 0
whenever γ(E) = 0 and f : R

2 → R
2 is the map given by f(x, y) = (x, 2y) (see [104]).

We can not expect to control c2(µf ) by c2(µ). To see this, consider for instance
µ = L1

�[0,1]. Then, for any bilipschitz homeomorphism f : C → C, µf is supported by
a chord-arc curve (which is a typical example of Ahlfors-regular curve) and in general,
c2(µf ) > 0 whereas c2(µ) = 0. A reasonable conjecture is that there exists C > 0
(depending on the bilipschitz constant of f and on the growth of µ) such that

c2(µf ) ≤ C(µ(C) + c2(µ)).

This estimate holds if µ is Ahlfors-regular [88]. See also [45] for some results in the
case of Cantor type sets.

Question 3: Let E be a compact set such that Fav(E) > 0. Is it true that E is not
removable for bounded analytic functions ?
This questions is the open direction in the Vitushkin conjecture (see chapter 6). By
theorem 85, it is equivalent to

Question 4: Let E ⊂ C be a compact set such that Fav(E) > 0. Does there exist
a positive Radon measure µ supported on E with linear growth and finite Menger
curvature (that is MC(E) 	= ∅) ?

A typical example of compact sets E in C with Fav(E) > 0 is a continuum. In
this case, such a measure have been constructed in chapter 4. It is not clear how to
adapt these arguments in the general case.

Note that the relationship between analytic capacity and Favard length is far away
to be understood. As far as I know, the only result is due to T. Murai [76]: If E

is a subset of a Lipschitz graph Γ, then γ(E) ≥ C
Fav(E)

3
2

l(Γ)
1
2

. However, if EN is the

N -th generation of the linear 4-corners Cantor set, we know that γ(EN) is comparable

to
1√
N

. On the other hand, it is known that Fav(EN) ≥ C−1

N
[64]. A reasonable

conjecture is that Fav(EN) ≤ C

N
and thus Fav(EN) is comparable to γ(EN)2. An

upper bound is given in [89] (where the interested reader can find more details about
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this problem), but this bound is much bigger that
C

N
.

A more challenging problem is to extend most of the results of the last two chapters
in higher dimensions, that is in the setting of the study of removable sets for harmonic
Lipschitz functions in R

n. As noted previously, the main obstacle to do this is the
lack of an appropriate “Menger curvature”. Recall that a compact set E ⊂ R

n is
removable for Lipschitz harmonic functions if for any open set U containing E and
any Lipschitz function f : U → R which is harmonic in U \ E, f is harmonic in U . If
n = 2 and if H1(E) < +∞, then E is removable for bounded analytic functions if and
only if E is removable for Lipschitz harmonic functions. This follows from the results
of [26] and [27]. See [65] and [70] for the state of the art concerning this problem.
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d’Histoire et de Philosophie des Sciences Volume 34 (1991).
[48] J. Graczyk, P. Jones, Dimension of the boundary of quasi-conformal Siegel disks, Inventiones

Mathematicae Volume 148 (2002), p 465-493.
[49] P. W. Jones, Square functions, Cauchy integrals, analytic capacity, and harmonic measure, in

“Harmonic analysis and partial differential equations”, Lecture Notes in Mathematics Volume
1384 (1989), Springer-Verlag, p 24-68.

[50] P. W. Jones, Rectifiable sets and the traveling salesman problem, Inventiones Mathematicae
Volume 102 (1990), p 1-15.

[51] P. Jones, T. Murai, Positive analytic capacity, but zero Buffon needle probability, Pacific Journal
of Mathematics Volume 133 (1988), p 99-114.
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